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Abstract 

We establish a precise connection between two elliptic quasilinear problems with Dirichlet 
data in a bounded domain of R^. The first one, of the form 

-Apu = f3{u) iVuf + \f{x) + a, 

involves a source gradient term with natural growth, where /3 is nonnegative, A > 0, f{x) ^ 0, 
and a is a nonnegative measure. The second one, of the form 

-ApV^Xf{x)il+g{v)r-'+fi, 

presents a source term of order 0, where g is nondecreasing, and /i is a nonnegative measure. Here 
P and g can present an asymptote. The correlation gives new results of existence, nonexistence, 
regularity and multiplicity of the solutions for the two problems, without or with measures. New 
informations on the extremal solutions are given when g is superlinear. 
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1 Introduction 

Let O be a smooth bounded domain in M.^{N ^ 2) and I < p ^ N. In this paper we compare two 
quasihnear Dirichlet problems. 

The first one presents a source gradient term with a natural growth: 

-Apu = l3{u)\Vu\P + Xf{x) inn, u = on dn, (PUA) 

where 

P e C°([0,L)), L^oo, and p is nonnegative, /? # 0. (1.1) 
and A > is a given real, and 

/ G L^(n), / ^ a.e. in Q. 

The function /3 can have an asymptote at point L, and is not supposed to be increasing. For some 
results wc suppose that / belongs to suitable spaces L''(J7),r > 1. 

The second problem involves a source term of order 0, with the same A and / : 

-Apv = Xf{x){l+g{v))P''^ inn, v = on On. (PVA) 

where 

g G C^{[0, A)), A ^ cxD, g{0) = and g is nondecreasing, g ^0. (1.2) 

Here also g can have an asymptote. In some cases where A = oo,we make a growth condition on g 
of the form 

Mq = lim sup — < oo (1.3) 

for some Q > 0, and setting p* = Np/{N — p), discuss according to the position of Q with respect 
to p — 1 and 

N{p - 1) , N{p-l)+p 

Qi= ^ Q =P -1 = — — ' {Qi = Q = oo if p = N). 

Problem (PUA) has been studied by many authors. Among them, let us mention the results 
of [13], [14] for the case p = 2, [29], [30] for general quasilinear operators, when /3 is defined on 
M, not necessarily positive, but bounded. Problem (PUA) has been studied in [2] for p = 2 and 
more general /3, defined on [0, oo), such that limj_>^/3(t) > 0, see also many references therein. For 
general p > 1, the problem has been investigated in [59] in the absorption case where P{t) ^ with 
measure data, and in [60] with a signed /?, with strong growth assumptions on 

Problem (PVA) is also the object of a very rich litterature for A = co, especially when g is 
superlinear, and convex, p = 2, and / G L°°{n). Here a main question is to give the range of A 
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for which there exists at least one variational solution v G VFq'^(J7), or for which there exists a 
minimal bounded solution, and to get regularity properties of the limit of these solutions, called 
extremal solutions. For p = 2, the case of the exponential g{v) = e" — 1 or of a power g{v) = v'^ has 
been studied first, see [20], [52], and the general case was investigated in [15], [16]. The regularity 
L°°{Cl) of the extremal solutions is also intensively discussed in many works, see [17] and references 
therein. Extensions to general p, are given in [33], [35], [28], [17] and [19], [18]. A second question 
is the existence of a second solution when g is subcritical with respect to the Sobolev exponent. 
It has been obtained for power- type nonlinearities of type concave-convex, see [6], [34], and [2] for 
general convex function g and p = 2, and some results are given in [28] for a power and p > 1. 

It is well known that a suitable change of variables problem (PUA) leads formally to problem 
(PVA), at least when L = oo. Suppose for example that /3 is a constant, that we can fix to p — 1 : 

-Apu = (p- 1) lVnl^ + A/(x) inO, u = on dn. (1.4) 

Setting V = e" — 1 leads formally to the problem 

-Apv = Xf{x){l + v)P-'^ inn, v = on OQ. (1.5) 

and we can return from v to u hy u = ln(l + v). However an example, due to [30], shows that the 
correspondence is more complex: assuming / = and CI = B{0, 1), p < N, equation 1.4 admits the 
solution no = 0, corresponding to vq = 0; but it has also an infinity of solutions: 

Um{x) = In ((1 - m)-\\x\-^^-P^/^P-^^ - m)), (1.6) 

defined for any m G (0, 1), and Vm = e""' — 1 satisfies 

-ApVm = K^,nSo in V (n) , 

where 5o is the Dirac mass concentrated at 0, and Km,N > 0, thus Vm Wq'^{Q.). Observe that 
Um G W^'^iyt) and it solves problem (1.4) in V (f2). Indeed the logarithmic singularity at is not 
seen in T)' (fi) . 

In the case of a general /?, the change of unknown in (PUA) 

v{x) = ^{u{x)) = / e'^^^^'^P-^Ue, where 7(t) = / (3{e)de, (1.7) 
Jo Jo 

leads formally to problem (PVA), where A = '^{L) and g is given by 

g{v) = eT(*"'(^))/(P-i) - 1 = p{^{s))ds. (1.8) 
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It is apparently less used the converse correspondence, even in the case p = 2 : for any function g 
satisfying (1.2), the change of unknown 

«M = flWx))=^"'"^ (1.9) 

leads formally to problem (PUA), where /3 satisfies (1.1) with L = H{A); indeed H = And (3 
is linked to g by relation (1.8), in other words 

P{u) = {jp- l)g'{v) = ip- l)g'{^{u)). (1.10) 

As a consequence, /3 is nondecreasing if and only if g is convex. Also the interval [0, L) of definition 
of (3 is finite if and only if 1/(1 + 51) G (0, A) . Some particular /? correspond to well known 
equations in v, where the main interesting ones are 

-Apv = A/e", -Apv = A/(l + vf, Q>p-1, 

where P has an asymptote, or 

-ApV = A/(l + vf, Q<p-l, -ApV = A/(l + v){l + ln(l + v)f-\ 

where (3 is defined on [0, 00) . 

Our aim is to precise the connection between problems (PUA) and problem (PVA) , with possible 
measure data. As we see below, it allows to obtain new existence or nonexistence or multiplicity 
results, not only for problem (PUA) but also for problem (PVA). 

In Section 2, we recall the notions of renormalized or reachable solutions, of problem 

-ApU = n inn, U = ondn, 

when // is a measure in Q. We give new regularity results when ^ = F £ L™'(r2) for some m > 1, 
see Lemma 2.13, or local estimates when F £ Lj^^(Q), see Lemma 2.16, or when F depends on U, 
see Proposition 2.14. 

In Section 3 we prove the following correlation theorem between u and v. We denote by Mbi^) 
the set of bounded Radon measures, Ais{^) the subset of measures concentrated on a set of p- 
capacity 0, called singular; and Al^(f2) and M.f{i^) are the subsets on nonnegative ones. 

Theorem 1.1 (i) Let g be any function satisfying (1-2). Let v be any renormalized solution of 
problem 

-ApV = Xf{x){l + g{v)Y-'^ +lis in^l, v = Q ondn, (1.11) 
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such that ^ v{x) < A a.e. in where fig & •M.fi.'^)- Then there exists as £ Mf{^) , such that 
u = H{v) is a renormalized solution of problem 

-ApU = P{u)\Vu\P + Xf{x) +as inn, u = on dU, (1.12) 

Moreover if fig = 0, then = 0. // A < oo, then Hs = cts = and u,v £ WQ'^{n) n (Q) . 
// L < oo = A, then ag = and u € wl'^\Vt) n ($7) . // L = oo = A and g is unbounded, then 
as = 0; if g is bounded, then as = (1 + 5f(oo))^^^ 

(a) Let (3 be any function satisfying (1-1) ■ Let u be any renormalized solution of problem 
(1.12), such that ^ u{x) < L a.e. in il, where ag G Aif{n,). Then there exists fi G M'^ip), such 
that V = '^{u) is a reachable solution of problem 

-\v = \f{x){l+ g{v)Y-^ + jjL inn, v = on dn-, (1.13) 

hence the equation holds in V' {n)) and more precisely, for any h G VF^'°°(M) such that h' has a 
compact support, and any ip £ T>{n), 

[ \Vvf~^Vv.Vih{v)ip)dx= [ h{v)ipXf{x){l+g{v))P-^dx + h{oo) [ ipd^. (1.14) 
Jo. Jn Jn 

Moreover if L < oo, then = and u G VFq '^(J7) H L°° (n) . If A < oo, then = fJ, = and 
u,v e Wo'^in) n L°° (n) . If L = oo and (3 ^ L^{{0,oo)), then ag = 0; if f3 £ L^{{0,oo)), then 
fi = e'^^°°^ag is singular, and v is a renormalized solution. If p = 2, or p = N, then in any case n 
is singular. 

This theorem precises and extends the results of [2, Theorems 4.2 and 4.3] where p = 2 and 
P is defined on [0, oo) and bounded from below near oo. The proofs are different, based on the 
equations satisfied by the truncations of u and v. The fact that ag = whenever (3 ^ 
L^((0, oo)) also improves some results of [59]. In all the sequel we assume / ^ 0. 

In Section 4 we study the case P constant, which means g linear. The existence is linked to an 
eigenvalue problem with the weight /, 

—ApW = Xf{x)\wf~'^w inn, w = on dn, (1-15) 

hence to the first eigenvalue 

Ai(/) = inf|(/ \Vw\^dx)/{! f\w\Pdx):weWl'^{n)\{{)}\ . (1.16) 
{. Jvl Jo. J 

Theorem 1.2 Assume that p{u) = p — 1, or equivalently g{v) = v. 
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(i) If < X < Ai(/) there exists a unique solution vq G Wq'-^{Q) to (1-5), and then a unique 
solution uo £ W^'^in) to (I.4) such that - 1 G W^'^iQ). If f e L^fP{n), then uo,vo G L*^(J^) 
for any k > 1. If f e L'^{U),r > N/p, then uq and vq G L°°{fl). 

Moreover, if f E L''(0),r > N/p, then for any measure fig G A4f{^), there exists a renormalized 
solution Vg of 

-ApVs = \ f{x){l + Vsf'-^ + lis in fi, Vs = ^ on dQ; (1.17) 
thus there exists an infinity of solutions Us = ln(l + Vs) G Wq'^{^) of (1-4)! ^ess regular than uq. 

(ii) If \> Ai(/) ^ 0, or A = Ai(/) > and f e L^/P{n),p < N, then (I.4), (1.5) and (1.17) 
admit no renormalized solution. 

In Section 5 we study the existence of solutions of the problem (PVA) for general g without 
measures. It is easy to show that the set of A for which there exists a solution in WQ^'^(ri) is an 
interval [0, A*) and the set of A for which there exists a minimal solution G Wq'^{Q,) n L°°(i7) 
such that < A is an interval [0, A^) . 

The first important question is to know if A5 = A* . One of the main results of this article is the 
extension of the well-known result of [15] relative to the case p = 2, improving also a result of [19] 
for p > 1. 

Theorem 1.3 Assume that g satisfies (1-2) and g is convex near A, and f G L'^ (CI) ,r > N/p. 
There exists a real A* > such that 

if X & (0, A*) there exists a minimal bounded solution v^^ such \\v\\\i<x,(_q-j < A. 

if X> X* there exists no renormalized solution. In particular it holds Xf, = X*. 

Thus for A > A*, not only there cannot exist variational solutions but also there cannot exist 
renormalized solutions, which is new for p 7^ 2. It is noteworthy that the proof uses problem (PUA) 
and is based on Theorem, 1.1. A more general result is given at Theorem 5.8. 

When A = 00 and A^ < 00, a second question is the regularity of the extremal function defined 
by V* = lim;^^;^j^ Is it a solution of the limit problem, and in what sense? Is it variational, is it 
bounded? Under convexity assumptions we extend some results of [54] , [64] and [2] : 

Theorem 1.4 Assume that g satisfies (1.2) with A = 00 and\\m.t >oo g{t)/t = oOj and g is convex 

near 00; and f & U" (O) , r > N/p. Then the extremal function v* = limxyx* is a renormalized 
solution of (PVX*). Moreover 

(i) If N < p{l +p')/{l +p'/r), then v* G W^'^{n). If N < pp'/{l + l/{p - l)r), then v* 

G w^'^in) n L~ (Q) . 

(ii) If (1.3) holds with Q < Qi, and f G L''{0,) with Qr' < Qi, or if (1.3) holds with Q < Q*, 
and f G L'-in) with {Q + l)r' < p*-, then v* G Wo'^(O) n (O) . 
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The proof follows from Theorem 5.25, Propositions 5.27, 5.31 and 5.33. Without assumption of 
convexity on g, we obtain local results, see Theorem 5.17, based on regularity results of [10] and 
Harnack inequality. 

When A = oo another question is the multiplicity of the variational solutions when g is sub- 
critical with respect to the Sobolev exponent. We prove the existence of at least two variational 
solutions in the following cases: 

Theorem 1.5 Suppose that g is defined on [0, oo) , and lim^ >oo 9(t)/t = oo, and that growth 

condition (1.3) holds with Q < Q* , and f G L''(r2) with {Q + l)r' < p*. Then 

(i) if g is convex near oo, there exists Aq > such that for any A < Aq, there exists at least two 
solutions V G Wo'^(J^) n L°°{^) of (PV\). 

(a) If p = 2 and g is convex, or if g satisfies the Ambrosetti-Rabinowitz condition (5.15) and 
f £ L°°{Q,), then for any A G [0, A*) there exists at least two solutions v G Wq^{Q,) fl L°°{fl) of 
(PVX). 

This result is new even for p = 2, improving results of [2] where the constraints on g are stronger, 
and simplifying the proofs. In case p > 1 and g is of power-type, it solves the conjecture of [28] 
that Aq = A*. 

In Section 6 we study the existence for problem (PVA) with measures, which requires a stronger 
growth assumption: (1.3) with Q < Qi : 

Theorem 1.6 Suppose that g is defined on [0, oo) , and f G with r > N/p. Let fi G M^{^) 

be arbitrary. 

(i) Assume (1.3) with Q = p — 1 and Mp_iA < Ai(/), or with Q < p — 1 and Qr' < Qi. Then 
problem 

-ApV = Xf{x){l + g{v)y-'^ + H inn, v = on dQ, 
admits a renormalized solution. 

(ii) Assume (1.3) with Q G {p — 1, Qi) and Qr' < Qi. The same result is true if X and \fj.\ (17) are 
small enough. 

More generally we give existence results for problems where the unknown U may be signed, of 
the form 

-ApU = Xh{x,U) + n inn, U = on dn, 

where fi G Mb{n), and \h{x,U)\ ^ f{x){l + \U\'^), precising and improving the results announced 
in [39], see Theorem 6.2. 

In Section 7, we return to problem (PUA) for general /3, and give existence, regularity, uniqueness 
or multiplicity results using Theorem 1.1 and the results of Sections 5 and 6. 
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We also analyse the meaning of the growth assumptions (1.3) for the function g in terms of (3. It 

was conjectured that if (3 satisfying (1.1) with L = oo, and is nondecreasing with lim^ >oo P (t) = oo, 

the function g satisfies the growth condition (1.3) for any Q > p—1. We show that the conjecture 
is not true, and give sufficient conditions implying (1.3). 

Finally we give some extensions where the function / can also depend on u, or for problems 
with different powers of the gradient term. 

2 Notions of solutions 

2.1 Renormalized solutions 

We refer to [25] for the main definitions, properties of regularity and existence of renormalized 
solutions. For any measure fi G the positive part and the negative part of /x are denoted by 

/x"*" and . The measure /x admits a unique decomposition 

/X = /xo + /Xs, with /xo G A^o(^^) and /tXs = /x+ — /x^ G Msi"^), (2.1) 

where A^o(^) is the subset of measures such that /x(5) = for every Borel set B C Q, with 
capp(-B, J7) = 0. If /tx ^ 0, then ytxo ^ and fig ^ 0. And any measure fi G M.b{^) belongs to A^o(^^) 
if and only if it belongs to L^{n) + W-^^p'{Q.). 

For any A; > and s G M, we define the truncation 

Tk{s) = max(— A;, min(fc, s)). 

If U is measurable and finite a.e. in n, and Tk{U) belongs to M^o'^(O) for every A; > 0; we can 
define the gradient VU a.e. in CI by 

vTk{u) = vu.x{\um ^"^y ^ > 0- 

Then U has a unique capp-quasi continuous representative; in the sequel U will be identified to this 

representant. Next we recall two definitions of renormalized solutions among four equivalent ones 
given in [25]. The second one is mainly interesting, because it makes explicit the equation solved 
by the truncations Tk{U) in the sense of distributions. 

Definition 2.1 Let fi = (Xq + fj,f — /xj" G Aib{'^)- A function U is a renormalized solution of 
problem 

-ApU = II inn, U = ondn. (2.2) 

if U is measurable and finite a.e. in such that Tk{U) belongs to Wq'^{Q) for any k > 0, and 
|Y^|P-i fof any J- g [1,N/{N — 1)) , and one of the two (equivalent) conditions holds: 
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(i) For any h G 1^^'°°(R) such that h' has a compact support, and any (f G W^'^{Q) for some 
s> N, such that h{U)ip G Wo'^(J^), 

/ \VU\P-^VU.V{h{U)ip)dx = [ h{U)ipdno + h{oo) [ ^d/if - h{-oo) [ ^d/ij . (2.3) 

(ii) For any k > Q, there exist a^^Pk ^ A^o(^^) ^ Ai^{0,), concentrated on the sets {U = k} 
and {U = —k} respectively, converging in the narrow topology to fJ-fjfJ-J such that for any -0 G 

f \VniU)r^Vn{U).Vi^dx = f ^/»cZ/xo+ / ^da^- f ^df3k. (2.4) 
JO. J{\u\<k} Jn Jn 

that means, equivalently 

-Ap{Tk{U)) = Ato,fc + ak-pk in V'{^) (2.5) 

where /xo,fc = IJ'0^{\u\<k} restriction of no to the set {\U\ < k}. 

Corresponding notions of local renormalizcd solutions are studied in [9]. The following prop- 
erties arc well-known in case p < N, see [7], [25] and more delicate in case p = N, see [36] and 
[45], where they require more regularity on the domain, namely, is geometrically dense: 

Kn{^) = inf {r-^ \B{x, r)\n\ : x G R^\n, r > O} > 0. 

Proposition 2.2 Let 1 < p ^ N, and ji G Alb(O). Let U he a renormalizcd solution of problem 
(2.2). If p < N, then for every k > 0, 

\{\u\ ^ k}\ s c{N,p)k-^p-'^^^/^^-p\\n\ {nyf/'-^-p^ 

\{\VU\ ^ k}\ ^ C(iV,;>)fe-^(f-i)/(^-i)(|/x| (J^))^/(^-i). 
Ifp = N, then U G BMO, and 

mm ^ k}\ s c{N,KMin))k-''i\ti\ (j^))W-i). 

Remark 2.3 As a consequence, ifp < N, then for any a G (0, N/ {N — p) and r G (0, N/ (iV — 1)) , 
( f \U\^P-^^'' dxf/" ^ C{N,p,a) \n\'/'^-(^-p)/^ (Q), (2.6) 

( [ \VU\^P-^^^ dxf/^ ^ C{N,p, r) |0| V^-(^-i)/^ {n), (2.7) 
Jn 

If p = N, then a > is arbitrary, and the constant also depends on Kfi. If p > 2 — then 
U G Wo'^(O) for every q < {p - 1)N/{N - 1). 
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Remark 2.4 Uniqueness of the solutions of (2.2) is still an open problem, when p ^ 2,N and 

fJL A^o(^);' see the recent results of [66], [49]. 

Otherwise, let U € W^'^i^l), such that -ApU = ^ in T>' (n) . Then fx G W~'^'P'{n), hence 
ji G A1o(f^)) o.nd U is an renormalized solution of (2.2). 

Remark 2.5 Let U he any renormalized solution of (2.2), where fi is given by (2.1). 

(i) If U ^ a.e. in il, then the singular part fis ^ 0, see [25, Definition 2.21[. This was also 
called Inverse Maximum Principle" in [57]. More generally, if u ^ A a.e. in Q for some real 
A, there still holds ps ^ 0. Indeed u — A is a local renormalized solution, and it follows from [9, 
Theorem 2.2]. 

(ii) IfUe L°°{n), then U = T\\u\\^^^^^^{U) G W^'^in), thus Hs = and n = no & Mo{^) n 

W~^'P' {Q). As a consequence, if L < oo, any solution u of (PUX) is in VFq'*'(J7); if A < oo, any 
solution of (PVX) is in W^'^in). 

Many of our proofs are based on convergence results of [25]. Let us recall their main theorem: 

Theorem 2.6 ([25]) Let /j, = po + - ii~ , with = F - div g e Mo{^), pf^l^J ^ Mf{^). 
Let 

Hn = Fn- di-v gn + pn - rjn, with Fn G L^{n),gn G {LP'{n))^,pn,r]n G M'^{n). 

Assume that (Fn) converges to F weakly in L^{Cl), (gn) converges to g strongly in {LP' [Q))^ and 
{div Qn) is bounded in A4i,{Q), and (pn) converges to and (rjn) converges to pj in the narrow 
topology. Let Un be a renormalized solution of 

— ApUn = Pn ifi O, Un = Q on 80,. 

Then there exists a subsequence (Uu) converging a.e. in Q. to a renormalized solution U of problem 

—ApU = p in O, U = on dQ. 

And {Tk{U^)) converges to Tk{U) strongly in Wq'^{VI). 

2.2 Reachable solutions 

A weaker notion of solution will be used in the sequel, developped in [24, Theorems 1.1 and 1.2]: 

Definition 2.7 Let p G A^b(r2). A function U is a reachable solution of problem (2.2) if it satisfies 
one of the (equivalent) conditions: 

(i) There exists ipn G T>[0) and Un G Wq'^{Q), such that — ApC7„ = (pn in W~^'P' {fl), such that 
(ifn) converges to p weakly* in M.b{0), and {Un) converges to U a.e. in O. 
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(ii) U is measurable and finite a.e. in ^, such that Tk{U) belongs to Wq'^(J7) for any k > 0, and 
there exists M > such that \VTk{U)f dx ^ M{k + 1) for any k > 0, and {VUl^'^ eL^{9.), and 

-ApU = n inV {n) . (2.8) 

(Hi) U is measurable and finite a.e., such that Tj-iU) belongs to Wq'^{Q) for any k > 0, and there 
exists Ho € A^o(^) o-nd /xi,/X2 G A^^(O), such that /i = /xq + A*i ~ A*2 o-nd for any h G VF-'-'°°(R) 
such that h' has a compact support, and any (p G ^{fl), 

[ \VU\P-^VU.V{h{U)(p)dx = [ h{U)ipdno + h{oo) f (pdm - h{-oo) [ ipdn2- (2.9) 

Remark 2.8 Any reachable solution satisfies \^U\^~'^ GL'^(il), for any r G [1, A^/(A^ — 1)) , and 
(the capp-quasi continuous representative of) U is finite capp-quasi everywhere in Q, from [24, 
Theorem 1.1] and [25, Remark 2.11]. Moreover, from [24], for any k > 0, there exist ak,Pk G 
A^o(^) n A^^(Jl), concentrated on the sets {U = k} and {U = —k} respectively, converging weakly* 
to /xi, /X2, such that 

-Ap{Tk{U)) = /xo,fe = lJ-oi-{\u\<k}+ak - Pk in V^Cl). 

Obviously, any renormalized solution is a reachable solution. The notions coincide for p = 2 and 
p = N. 

2.3 Second member in L^{Q). 

In the sequel we often deal with the case where the second member is in L^(0). Then the notion 
of renormalized solution coincides with the notions of reachable solution, and entropy solution 
introduced in [7], and SOLA solution given in [22], see also [12]. 

Definition 2.9 We call W (O) the space of functions U such that there exists F G L^{Q,) such 
that U is a renormalized solution of problem 

-ApU = F inn, U = on on. 

Then U is unique, we set 

U = g{F). (2.10) 

In the same way we call yV/oc(^) the space of fuctions U such that there exists F G L^^J^Q,) such 
that U is a local renormalized solution of equation —ApU = F in Q,. 

Remark 2.10 From uniqueness, the Comparison Principle holds: 

If Ui and U2 G W{0,) and —ApUi ^ —ApU2 a.e. in i7, then U\ ^ U2 a.e. in i7. 

Remark 2.11 Theorem 2.6 implies in particular: 

If (Fn) converges to F weakly in L'^{VL), and Un = G{Fn), then there exists a subsequence (U^,) 
converging a. e. to some function U, such that U = Q (F) . 
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2.4 More reguleirity results 

All the proofs of this paragraph are given in the Appendix. First we deduce a weak form of the 
Picone inequality: 



Lemma 2.12 Let U G Wq'^{^1), and V e W (O), such that U ^ and -ApV ^ a.e. in Q, and 
V^O. Then UP{-ApV)/VP-'^ G L^{n) and 



Next we prove a regularity Lemma, giving estimates of u and its gradient in optimal L spaces, 
available for any renormalized solution. It improves the results of [11|, [38], [4], [19] and 
extends the estimates of the gradient given in [46], [47] for solutions U G Wq'^{CI). Estimates in 
Marcinkiewicz or Lorentz spaces are given in [44], [5]. 

Lemma 2.13 Let 1 < p ^ N. Let U = Q{F) he the renormalized solution of problem 



with F G L™(r?), Km < N. Setm = Np/{Np -N+p). 

(i) Ifm> N/p, then U G L°°{n). 

(ii) If m = N/p, then U G L^[^) for any k ^ 1. 

(Hi) If m< N/p, then U^''^ G L^{Q) for k = Nm/{N - pm). 

(iv) |VJ7|^^""^^ G L^{Vl) for k = Nm/{N - m). In particular ifrn ^ m, then U G Wq^{Q). 

Using this Lemma, we get regularity results under growth conditions, extending well known 
results in case p = 2, f = 1: 

Proposition 2.14 Letl <p^ N. Let U = G{h) where h G L'^{n), and 

\h{x\ S f{x){\U\^ + 1) a.e. inn, 
with f G L'^{Q),r > 1 and Q > 0. If p < N; then 

(i) IfQ^p-l and Qr' < Qi (hence r > N/p), then U G wl'^{n) n L°°(J^). 

(ii) IfQ>p-l and Qr' = Qi and \Uf'^ G L''{n) for some a > N/{N - p), then U G wl'^{Q) 

and U G L^{n) for any k^l. 

(Hi) IfQ^p-landifUe W^'^in), and (Q + iy < p* , then U G L~(J7); if (Q + l)r' = p* , then 
U G L^{n) for any k^l. 

(iv) IfQ<p-landr> N/p, then U G Wo'^(f^) n L°°(0). 




(2.11) 



-ApU = F inn. 



U = on dn. 



(2.12) 
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(v) IfQ<p-\andr = N/p, then U G Wq '^(J^) and U G L*^(n) for any k ^ 1. 

(vi) If Q < p - 1 and r < N/p and Qr' < Qi, then U'^ G L^(0) for any k < d = Nr{p - 1 - 
Q)/{N-pr). Either (Q + l)r' < p* and then U G Wo'^(J^), or (Q + l)r' ^ p*, then |VC/|* G ^^(J^) 
for anyt<9 = Nr{p - 1 - Q)/{N - {Q + l)r). 

= A^, then U G Wo'^(f^) n L°°(0), antf |v;7|^(^"^^'"/(^"'") G L^{n) for any m < min{r,N). 

Remark 2.15 It may happen that U Wq'^{^) for Q ^ p — 1, and condition (ii) is quite sharp: 
let p = 2 and J7 = -8(0, 1); there exists a positive radial function U G L^/(^~^)(il) such that 

-AU = inn, U = on dn, and lim \x\^-^ |ln |x| |(^~^)/^ U{x) = cn, 

where cn > 0, see [61]. Then U ^ L^iQ) for a > N/{N - 2), hence U ^ W^''^{n). It satisfies the 
equation -AU = fU^ with Q = N/{N - 2), / = 1, and also with Q = 1, f = C/2/(^-2) ^ L^/^(n). 

Next we we prove local estimates of the second member F when F G L/^p(J7) and F ^ 0,. 
following an idea of [10]: 

Lemma 2.16 Let U G Wiod^) such that —ApU = F ^0 a.e. in fl. For any xq G O and any ball 
B{xo,4:p) C and any a G {0,N/{N — p)) , there exists a constant C = C{N,p,a), such that 



Finally we mention a result of [58], which is a direct consequence of the Maximum Principle 
when p = 2, but is not straightforward for p ^ 2, since no Comparison Principle is known for 
measures: 

Lemma 2.17 Let h be a Caratheodory function from Q, x [0, oo) into [0, oo) . Let pg G Aif{Q,) and 
u be a renormalized nonnegative solution of 




(2.13) 



If U E Wl^^{Cl), there exists a constant C = C{N,p) such that 




(2.14) 



—ApU = h{x, U) + /is in 0,, 



U = on dn. 



(2.15) 




in n, 



(n). Then there exists a renormalized nonnegative 



V = on dn. 



(2.16) 
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3 Correlation between the two problems 

3.1 The pointwise change of unknowns 

(i) Let (5 satisfy (1.1). Let for any t G [0,L) 

Jo Jo 
then *([0,L)) = [0, A) ,A = ^ oo, and the function 

T € [0, A) ^ 5(t) = eT(*"'(^))/(f-^) - 1 = ^— r /3{^-\s))ds (3.1) 

P - 1 Jo 

satisfies (5.10) and = iJ, where 

(ii) Conversely let g satisfying (5.10), then i?([0, A)) = [0,L), L = H{A), and the function t G 
[0,L) ^ /3(t) = (p - l)g'{H-^{t)) satisfies (1.1), and = : indeed 

Then /3 and are linked by the relations, at any point r = *(t), 

P{t) = {p-l)g'{r), l + 5(r) = eTW/(^'-i). (3.3) 
In particular (3 is nondecreasing if and only if g is convex. 
Remark 3.1 One easily gets the following properties: 

L = oo^A = oo; L<oo <^ 1/(1 + g{s)) G ((0, A)) ; 
A < oo ^ eT(*)/(*'-^) G ((0, L)) ; 7(L) < oo ^ /? G ((0, L)) ^ g bounded; 

]mt^LP{t) > ^ ]mt-.A9{s)/s > 0; 
lira (3{t) = oo =^ lim g(s)/s = oo, and conversely if (3 is nondecreasing near L. 

t — >L s — >A 

If K < oc, then 

lim g{v) = oc ifl3{u) L^((0,L)); lim ^(t;) = e^^^^^P'^^ - 1 i//3(«) G L1((0,L)). 

II — >A V — >A 

Notice that the correlation between g and (3 is not monotone; we only have: if g[ ^ g2, 
then Pi ^ 02- Also it is not symmetric between u and v : we always have u ^ v; moreover 
Vu = 'SJv/{l + g{v)), thus u can be expected more regular than v when lim^ >K9{v) = oo. 
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Remark 3.2 (i) If u is a renormalized solution of (1.12), then by definition fi{u) |Vu|^ G L^{Q)\ 
if V is a renormalized solution of (1.11), then /(I + g{v)Y~^ G L^(n). 

(ii)) For any v G Wl'^{Q), then u = H{v) G Wo'^(J^). 

(Hi) If L = oo and \imf _^^0(t) > 0, and u is a renormalized solution of (1.12), then u G 
WQ'^{n); indeed (3{t) ^ m > for t ^ Kq >0, thus 

I \Vu\^dx= j \Vufdx+ I \Vu\^dx^— I l5{u)\V uf' dx + I \VTKo{u)fdx. 
Jn J{u^Ko} J{u-^Ko} Jn Jn 

3.2 Examples 

Here we give examples, where the correlation can be given (quite) explicitely, giving good models 
for linking the behaviour of /3 near L and g near A. The computation is easier by starting from 
a given function g and computing u from (1.9) and then /3 by (1.10). The examples show how 
the correlation is sensitive with respect to /? : a small perturbation on (3 can imply a very 
strong perturbation on g. Examples 1, 2, 5, 6 are remarkable, since they lead to very well known 
equations in v. Example 10 is a model of a new type of problems in v, presenting a singularity, 
which can be qualified as quenching problem. The arrow ^ indicates the formal link between the 
two problems. 

1°) Cases where P is defined on [0, oo) ( L = oo = A). 

1) (3 constant, g linear: 

Let P{u) = p — 1, g{v) = v, u = ln(l + v), 

-Apu = {p-l)\Vuf + Xf{x) ^ -Apv = Xf{x){l + vY-\ 

2) g of power type and sublinear: 

Let < Q < p — 1; setting a = Q/{p — I) < I, and P{u) = {p — 1)q;/(1 + (1 — C()u), we find 
(1 + g{v))P-^ = (1 + v)Q; and (1 - a)u = (1 + v)^~'^ - 1 : 

'^P"" = l + (l-«)n '^"1'' + ^^^""^ ^ '^"'^ = ^^^""^^^ + 

here g is concave and unbounded, thus /? is nonincreasing, and P{u) ~ C/u near oo, thus (3 ^ 
Li((0,oo)). 

3) P of power type, g of logarithmic type. 

Let f3{u) = {p- l)n", m > 0, then g{v) ~ Cu(lnt;))'"/('"+i) , with C = (m + l)™/("^+i). Indeed 
integrating by parts s~^"^~^^^e^"^^^/^'^~^^^ds, we find that v ~ u~"^e'^"^^ near oo, then 

ln?;~'u"*+V(m + l). 
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Conversely let 1 + g{v) = (1 + Cv){l + ln(l + Cu))"*/("*+^), m > 0,C > 0, then Cu = {m + 
1)((1 + ln(l + _ 1), and /3(u) = (p - 1)C((1 + Cu/{m + 1))"* + m/{m + 1 + C«)), then 

/3(m) ~ Xu'" near oo, with K = {p - l)C™+i(m + l)'"". 

4) /3 o/ exponential type, g of logarithmic type. 

If P{u) = {p — l)e", then g{v) '~ ulnv near oo. Indeed integrating by parts the integral 
Jq e e as we get u ~ e near oc. 

lfP{u) = (p-l)(e" + l), we find precisely l+3(t>) = (l+v)(l+ln(l+i;)) and « = ln(l+ln(l+?;)) : 

-Apu= (e" + l)|Vu|P + A/(x) ^ -Api; = A/(x)((l+i;)(l + ln(l + i;))f-i. 

If = (p — l)(e^""'"" + e" + 1), we verify that e^'^^v = e^" — e^ and 1 -\- g(y) ~ Inv ln(lnt;)) 
near oo. 

2°) Cases where /3 has an asymptote (L < oo ), but g is defined on [0, oo) . It is the 

case where 1/(1 + g{s)) G ((0, oo)) . 

5) g of power type and superlinear: 

Let Q > p—l; setting a = Q/{p — l) > 1, and P{u) = (p — 1)q/(1 — (a — l)'u), with L = 1/(q; — 1), 
we find (1 + g{v))P-^ = (1 + v)'^ and {a - l)u = 1 - {1 + v)^'"' : 

"^^"^ = 1 - (a - l)u 1^''''' + ^^^"^^ ^ '^^^ = -^-^^^^^^ + 

Another example is the case P{u) = 2{p — l)tgu. with L = 7r/2, where 1 + g{v) = 1 + v^, and 
u = Arctgv. 

6) g of exponential type: 

Let I3{u) = (p - 1)/(1 - u) with L = 1, then 1 + g{v) = e"", and u = 1 - e"'': 

-Apu = \Vu\P + Xf{x) ^ -Apv = \f{x)e''. 

7) g of logarithmic type: 

Let P{u) = {p — 1)A;/(1 — tx)'^^^, A; > with L = 1, then we obtain g{v) ~ kv{lnv))^'''^^^^'^ near 
oo. Conversely, if 1 + g{v) = (1 + A;t;)(l + ln(l + kv))^''^'^^'' , then f]{u) = {p - l){k/{l - + 
(/c + 1)/(1 — n)), thus /3(n) ~ (p — — n)'^+-'^ near 1. Observe that P has a stronger singularity 

than the one of example 6, but g has a slow growth. 

8) g of strong exponential type: 

Let p{u) = (1 - «)-i(l - (ln(e/(l - u)))"^) with L = 1, then 1 + (/(i;) = e^"-^-\ w = 1 - e^"^". 
Notice that /3 has a singularity of the same type as the one example 6. 
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3°) Cases where /3 and g have an asymptote (L < cxd and A < cxd). 

9) Let Q > 0. Setting a = Q/{p - 1) > 0, and I3{u) = {p- l)a/(l - (a + l)u), with L = l/{a + 1), 
we obtain (1 + g{v)Y-'^ = (1 - v)'^ and (a + l)u = 1 - (1 - : 

10) (3{u) = {p — l)'w/(l — u^), then 1 + g{v) = 1/ cosv, and n = sin?;. 
3.3 Proof of the correlation Theorem 

For proving Theorem 1.1, we cannot use approximations by regular functions, because of to the 
possible nonuniqueness of the solutions of (2.2) for p ^ 2, A^, see Remark 2.4. Then we use the 
equations satisfied by the truncations. Such an argument was also used in [50] in order to simplify 
the proofs of [25]. 

Remark 3.3 (i) If u is a solution of (1.12), where ^ u{x) < L a.e. in il, and if L < oo, then 
as = from Remark 2.5, and u = Tl{u) G Wq'^{^) nL°°(n). If v is solution of (1.11) and A < oo, 
then iis = and v = Ta{v) € W^'^in) n L°°{n). 

(a) If u is a solution of (1.12), the set {u = L} has a p-capacity 0. It folllows from [25, Remark 
2.11], if L = oo, from [25, Proposition 2.1] applied to (u — L)+ if L < oo. In the same way if v is 
a solution of (1.11), the set {v = A} has a p-capacity 0. 

Lemma 3.4 Suppose that u is a renormalized solution of (1.12), where ^ u{x) < L a.e. in U, 
or that V = *('u) is a renormalized solution of (1.11), where ^ v{x) < A a.e. in fi. For any 
K > 0, k > Q there exists axjl^k € Mo{0,) r\A4^{fl) such that the truncations satisfy the equations 

-ApTK{u)=(3{TK{u))\VTK{u)\P + \fx{u<K} + aK inV'{n), (3.4) 

-ApTkiv) = A/(l + g{v))P'\i^<k} + Mfc in V'{^), (3.5) 

and 

/ifc = (1 + g{k)f-^aK, for any k = ^{K) > 0. (3.6) 

Moreover, if u is a solution of (1.12) then ax converges in the narrow topology to ag as K y L; 
if V is a solution of (1.11) then converges in the narrow topology to Hs as k A. 

Proof, (i) Let v he a, renormalized solution of (1.11), and u = II{v). Then /(I + g{v)y~^ G 
L^{n). For any k G (0, A) ,\etK = H{k), then Tk{v) G W^'^in), and TkIu) = H (Tklv)) G Wo'^(f^). 
Observe that 

(1 + g{Tk{vW-^ = e^(^^(")), and VTk{v) = e^^^^^^^^/^^"^) VTx(«). (3.7) 
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Thus Vv = e'^^'^y^-^^Vu, then \Vv\p~^ = e^^") \Vu\p~^ a.e. in Q. Prom (2.4) (2.5), there exists 
Hk G Mo{^) n A^^(J7), concentrated on {v = k} such that /x^ — > /x^ in the narrow topology as 
k — > oc, and Tk{v) satisfies (3.5), that means 

/ \VTk{v)r^VTk{v).V^dx = X f f{l + g{v)y-^ipdx+ f ipdfik, 
Jn J{v<k} Jn 

for any ip G W^'^in) n L°°(0). For given ^ e W"o'^(^^) n L~(0), taking ip = e-T^^^^"))^, we 
obtain 

/ \VTK{u)\P~^VTKiu).Viljdx= [ P{TK{u))\VTK{u)\^i^dx 
Jn Jn 

+ \ fil)dx+ / '^dfJ'k- 

J{u<k} (1 + 

In other words, Tk{u) satisfies equation (3.4) where ax is given by (3.6). If A < oo, then fig = Oj 
and V = Ta{v) G Wq'^{Q) D L°°{^), and converges to in V'{Q) as A; /' A, hence weakly* in 
Alb (fi). And taking (p = Tk{v), 

hm A;Mfe(0)= lim (/ {VT^ivW dx - [ Xfil + giv)r-'vx{,<k}dx) 

= [ \Vv\Pdx- [ \f{l+g{v))P-^vdx = 0, 
Jn Jn 

thus //fc converges to in the narrow topology. Hence in any case (A finite or not), fi^ converges to 
Us in the narrow topology as k y A. 

(ii) Let u be a renormalized solution of (1.12) and v = ^'(u). Then /?(«)) |V«)|^ G (O.) . For 
any K G (0,L) , let A; = -^{K) G (0,A) . Then Tk{v) = {Tk{u)) G W^'^iQ). From (2.4) (2.5), 
there exists ax G A4o{fl) fl A4jj'(Jl), concentrated on the set {u = K}, such that ax converges to 
as in the narrow topology, as k — > oo, and Tk{u) satisfies (3.4), that means 

I \VTK{u)\P~'^VTK{u).Vi;dx= f P{u)\Vu\P'^dx+ f Xftpdx+ [ ^jdax, (3.8) 
Jn J{u<K} J{u<K} Jn 

for any ^ e Wo'*'(^^) n L°°{n). Taking i/j = eT(^^(^))(^, with ip G W^'^iU) n L°°{n), 



I \VTk{v)f'^\/Tk{v).Vipdx= I A/e^(^^(")V(^a; + / e'^^'^^^'^^ipdaK, 
Jn J{u<K} Jn 

= I A/(l + g{v)Y-^ipdx + (1 + g{k)y-^ [ ipdax 
J{v<k} Jn 

= / Xf{l+g{v)r-^^dx+ [ ipdi^k, (3.9) 
J(v<k} Jn 
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or equivalently (3.5) holds, where /i^ is given by (3.6). If L < oo, then ag = from Remark 2.5, 

and u = TL{n) G Wl'^{Q) n L°°(0). And Tk{u) converges to u strongly in W^'^iVL) as K / L. 
Then \Tk{u) converges to \u in T^-^'P'(Q), and P{Tk{u)) \V Tk{u)\^ converges to /3(n)) |Vu)|^ 
and \fX{u<K) converges to A/ strongly in (O) . Taking ■i/' = Tk{u) in (3.8), it follows that 



•x) 



lim Kaxi^) = lim ( / \VTk{u)\p dx - [ P{Tk{u)) \VTk{u)\p dx - [ XfTK{u)d 

K/L K/L Jq J{u<K} 

= [ \Vu\P dx- [ /3{u) \Vu\P dx- [ Xfudx = 0, 
Jn Jn Jn 

thus ax converges to in the narrow topology as K y L. Hence in any case (L finite or not), ax 
converges to in the narrow topology as if y L. ■ 

Proof of Theorem 1.1. (i) Let v he a solution of (1.11), where ^ v{x) < A a.e. in J7, and 
u = H{v). Taking (^jt = 1 — 1/(1 + g{T}^{s))y''^ , as a test function in (3.5), we find 

/ (3{u)\Vuf>dx = {p-l) f iMZ^d^ = A / f{l + g{v)r-'^kdx + m [ di^k 
J{u<K} J{v<k} (1 + 9{f^)r J{v<k} Jn 

[ f(l+g{v)r-'dx+ [ dllk^C 

Jn Jn 

where C > is independent of k; then /3(tt) |V«|^ € L^{^1). And from (3.6), ax converges in 

the narrow topology to a singular measure ag- either lim^ >oo5'(^) = oo, equivalently L < oo or 

L = oo, fj ^ L^{{0, oo)), and then ag = 0; oi g is bounded, equivalently L = oo and /3 G L^ii^, oo)) 
and then = (1 + ^(oo))*'""^//^. 

Since Tk{u) G Wq'^{^), it is also a renormalized solution of equation (3.4). Prom [25, Theorem 
3.4] there exists a subsequence converging to a renormalized solution U of 

-ApU = (3{u) I V u\P + Xf + as 

and Tk{u) converges a.e in Q to u, thus (the quasicontinuous representative of) U is equal to u. 
Then u is solution of (1.12). 

(ii) Let u he a solution of (1.12), where ^ u{x) < L a.e. in Q, and v = ^(u). Taking 
t/j = e^^'^^^'^^^ — 1 = (1 + g{Tk{v))P~^ — 1 as a test function if (3.4), we get after simplification 



/ P{Tk{u)) \VTK{u)\Pdx = [ Xfipdx + / i;daK 
Jn J{u<K} Jn 

= f A/((l + g{v)r-' - l)dx + ((1 + gik)r-' - 1) / daK 
J{v<k} Jn 

= I A/((l + g{v)Y-^ - l)dx + /Xfe(n) - aK{^). 

J{v<k} 
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Since \'Vu\'^ G , then ^ = /(I + g{v)y~^ G L-*^ , and the measures fik are bounded 

independently of k. There exists a sequence (A;„) converging to A such that (/ifc,J converges weakly* 
to a measure /i. Let f„ = Tk„{v), then converges to f = ^(u) a.e. in ^2. From [25, Section 
5.1] applied to Vn = Tk^{v), solution of (3.5) for k = kn, iVfnl^"^ is bounded in (Q) for any 
r < N/(N — 1), and Vfn converges to Vv a.e. in J7, and \Vvn |^~^ Vvn converges to |Vi; |^~^ Vv 
strongly in L'^ (Q) for any r < N/{N — 1). And A/((l + 5'(t'))^~'^X{^<A;„} converges to ^ strongly in 
(fi) from the Lebesgue Theorem. Then v satisfies 

-ApV = </) + /X in V'{n); (3.10) 

thus n is uniquely determined, and Hk converges weakly* to fi as k /"A. Then v is reachable 
solution of this equation. Let us set M = ^ + fi. 

Case p = 2 or p = A^. Then from uniqueness, is a renormalizcd solution of (3.10). There 
exists m G et rjg G Mf{0.) such that M = m + rjg, and from the definition of renormalizcd 

solution, for any fc > 0, there exists % G concentrated on the set {v = k} , converging to 

ris in the narrow topology, and 

-ApTk{v) = m^^^^knj+Vkn in ^'(^), 

but we have also 

-ApTk^iv) = A/(l + 5(^))^-'x{.<ik„} + in V'{n), 

thus rjk^ = Hk^, and iJi = r]s, and 

-ApV = f{l + g{v)Y-^+ris in P'(Q); 

hence in the renormalized sense; and converges to rjg in the narrow topology. 

General case. From [24], there exists m G M.Q{^^) and rj G A^^(r2) such that M = m + r/, 
and there exists a sequence (fc„) tending to oo, such that there exists M^^ G VF~^'^'(0) n A^fe(O) 
such that -Aprfc„(i;) = M^^ in ^'(0), and ?7fc„ = Mfc^L{„=fc„}G X(j"(J^) and Mfe„ = mL{^<fc„}+??fc„, 
and (%„) converges weakly* to M; and for any for any h G W^^'°°(M) such that h! has a compact 
support, and any G Vip) 

/ [Vwl'"^^ Vv.V(/i(u)(^)(ix = / h{v)ipdm + h{oo) / (/^dry. 
7f2 Jn Jn 

But Mfc„ = mL{^<fc„}+??fc„ = 0X{i,<fc„} + ^fcn' hence rik„ = fik„ and mL{^<fc„}= ^X{^<jfc„}, and 
{i; = oo} is of capacity 0, thus m = (p, and = ?7, thus (1.13)holds. 

Moreover if A < oo, then L < oo, and u,v G Wo'^(l^) n L~(0), and /X = a = 0, and u, 
are variational solution of (PUA), and (PVA). If g is bounded, in particular if L = A = oo and 
/3 G -L^((0,oo)), then fi = e^^'^^ag, thus fi is singular; and fik converges in the narrow topology, 
thus is a renormalized solution of (1.11). If A = oo and /? -^^^((0, oo)), then cts = from (3.6). ■ 



21 



4 The case (3 constant, g linear 

We begin by the case of problems (1.4) and (1.5), where / ^ 0, and 

f3{u) = p — 1, or equivalently g{v) = v, 
where the eigenvalue Ai(/) defined at (1.16) is involved. 

4.1 Some properties of Ai(/) 

(i) Let / G Li(J)), / ^ 0, / ^ 0, such that Ai(/) > 0. Let C > 0. Then for any e > 0, there exists 
= Ks{e,p, C) > such that for any v,w e Wq^{^), 

^ f{C + \v\rdx + H dx + K,^^^ II V^;||i,(^^ + (4.1) 

j f{C+\v\Y-^\w\dx^ ( [ f{C+\v\)Pdx) ( f f\w\^da\ 
Jci \Jci J \Jn J 

- AlC^(//^^+'"'^S'^' l|V-ll..(n)- (4-2) 
Thus f{C + \v\f-^ G W-^'P'{n) n L\Q), in particular / G W'^'P'in), and with new e and Ke, 

||/(^^+ l^'irl^-i.'(n) ^ ^ \\^<-l^) + Ke. (4.3) 

(ii) If / G L^'i^), with r ^ N/p > 1, or r > 1 = N/p, then Ai(/) > 0, and Ai(/) is attained at 
some first nonnegative eigenfunction (pi G ^(^'^(17) of problem (1.15), from [48]. If r > N/p, then 
(j)! G -L°°(J7), from Proposition 2.14, and (pi is locally Holder continuous, from [21]. If r = N/p > 1, 
then (f>i G L'^{^1) for any k ^1. 

(iii) If G O, p < and f{x) = 1/ \xf , then / L^/P{n), but Ai(/) > from the Hardy 
inequality, given by Ai(/) = {{N —p)/pY and Ai(/) is not attained. 

4.2 Proof of Theorem 1.2 

Theorem 1.2 is a consequence of Theorem 1.1 and of the two following results. The first one is 
relative to the case without measure: 

Theorem 4.1 //A > Ai(/) ^0, or A = Ai(/) > and / G L^/P{n),p < N, then problem 

-Apv = Xfil + vf^ inn, v = on dQ. (4.4) 

admits no renormalized solution, and problem (1-4) has no solution. If < X < Xi{f) there exists 
a unique positive solution v G Wq'^{Q). If m,oreover f G U (^t) ,r > N/p, then v G L°°[Q,). If 
f G L^/P(0), p<N, then v G L^(J^) for any k > I. 
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Proof, (i) If (4.4) has a solution then also problem (1.4) has a solution u G W, from Theorem 
1.1. And u G Wq'^{Q) from Remark 3.2. Taking = with eV {Q) , i^^O as & test function 
we obtain 

ip-l) I |Vn|^V^dar + A / fil^Pdx = p [ i/jP'^ \Vu\P'^Vu.Viljdx 
Jci Jci Jn 

^ [ \V^\P dx + {p - 1) [ \Wu\P^dx; 
Jn Jn 

then from the Young inequality, 

A [ fi^Pdx ^ f iVV-r^x; 
Jn Jn 

by density we obtain that A ^ Ai(/). In particular if Ai(/) = there is no solution for A > 0. 

(ii) Assume A = Ai(/) > and / G L^/P(0),p < N. Taking an eigenfunction (pi G VFo^'^(J7) as 
above, we get 

/ \Vct>,\Pdx = Xiif) [ fcf.dx. (4.5) 
Jn Jn 

Consider a sequence of nonnegative functions V'n G ^{Q) converging to (pi strongly in Wq'P{CI). 
Taking e W^'^iQ) n L°°{n) as a test function, we find 

(p - 1) / \Vu\P ^pPdx + Ai(/) / f^pP-^dx =p [ \Vu\P-^ Vu.Vipndx. (4.6) 
Jn Jn Jn 

For any function (p G Wq'P{Q), we set 

L(n, </.) := (p - 1) I Vnf </)P + \V(p\P - p(pP-^ \Vu\P-^ Vu.V(P, 

Li{u,(P) := {p-l)\Vu\P4f> + \V(P\P -p(tf-^\Vu\P-^\V(P\. 
Thus ^ Li{u,(p) ^ L(u,^). Prom (4.6), 

/ Li{u,^n)dx + Xi{f) [ frndxS [ L{u,i;n)dx + \i{f) [ frndx= [ |VV„rda;; 
Jn Jn Jn Jn Jn 

then from the Fatou Lemma applied to a subsequence, 

/ Li{u,(Pi)dx + \i{f) [ f(f^idxS [ L{u,(Pi)dx + \i{f) I f(fidx= [ \V(Pi\Pdx, 
Jn Jn Jn Jn Jn 

hence from (4.5), we obtain Li{u,(pi) = L{u,(pi) = a.e. in fi. Then 

(pi \Vu\ = {p-l) \V(pi\ , and \Vu\P~^ Vu.V(pi = \Vu\p~^ |V0i| a.e. in 
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Vu = ip- 1)^ = V(ln(0^^)) a.e. in O; 

then u = ln{(f^~^) + k, or <^^^ = e"~^ ^ e~*^ a.e. in J7, which is contradictory. 

(iii) Assume that < A < Ai(/). Then / G W'^'P'in) from above, thus vi = g{Xf) G W^'^in) 
and ^ 0, see Remark 2.10, and /(I + G 1^"^'^' (il). By induction we define Vn = 

g{\f{vn-i + ly-^ G W^'P{n), then 

-Api;„ = A/K_i + l)f-^ in W^-i'f'(J^). (4.7) 

Taking Vn as test function in (4.7), then from (4.1), 

/ \Vvnfdx = \ [ f{vn-i + iy-'vndxS\ [ /(^^ + l)^dx ^ ^wtf^ / | V^;„ do; + AiC,. 
Jn Jn Jn MU) Jn 

Taking £ > small enough, it follows that {vn) is bounded in Wq'P{Q). The sequence is nonde- 

creasing, thus it converges weakly in WQ'^{il), and a.e. in J7 to v = supw„. For any w G VFJ'^(J7), 
\f{vn-i + iy-'^w\ S /(I + vy-^ \w\ = hand he L^{n) from (4.2), thus f{vn-i + ly^^ converges 
to /(I + vy~^ weakly in W~^'P' {^). Then v is solution of (4.4), by compacity of (— Ap)~^, see [56]. 
The regularity follows from Proposition 2.14 (iii). 

Uniqueness is based on Lemma 2.12. Let v,v ^ Wq'P{Q) be two nonnegative solutions. Then 
^ and V ^ since / ^ 0. Since -ApV G W'^^p' {n) n L^{n) and {-Apv)v ^ 0, we obtain 
J^{—Apv)vdx = \Vv\p dx, hence 



/ 

Jn 



(^ + $4)vPdx > 0; / (-M + Z^)yP-^dx > 0; (4.8) 



In vP 
but 

r -ApV p _ ^pw^ f ^ _ /J ^ ly-^)(vP - vP)dx < 0; 

then the two integrals in (4.8) are zero, hence 

f' ^"p — 1 "p 

I {\Vv\P - p^— Wv?-"^ Vv.Vv + (p-l) \Vv\P —)dx = 0, 

thus V = kv for some > 0. Then /((I + kvy~^ — {k + kvy^^) = a.e. in J7, thus k = 1. ■ 

The second result is valid for measures which are not necessarily singular; it extends [2, Theorem 
2.6] relative to p = 2. The proof of a more general result will be given at Theorem 6.2: 

Theorem 4.2 // < A < Ai(/), for any measure jj, G (O) , there exists at least one renor- 
malized solution v ^0 of problem 

~ApV = A/(l + vy^ + 11 mn, v = on di}. 
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5 Problem (PVA) without measures 

Next we study problem (PVA) for a general function g. 
5.1 The range of existence for A 

The existence of solutions of (PVA) depends on the assumptions on g and / and the value of A. 
We will sometimes make growth assumptions on g of the form (1.3) for some Q > and then our 
assumptions on / will depend on Q. 

We begin by a simple existence result, where g only satisfies (1.2), A ^ oo, with no growth 
condition, under a weak assumption on /, satisfied in particular when f & U {Q) , r > N/p. 

Proposition 5.1 Assume (1-2) andQ{f) G L°°{D,). Then for X > small enough, problem (PVX) 
has a minimal bounded solution such that \\v\\i^oo^q^ < A. 

Conversely, if L = H{A) < oo, (in particular if A < oo) and if there exists A > such (PVX) 
has a renormalized solution, then Q{f) € L°°(i7). 

Proof. Let w = g{f) G Wq'^{^) L°°{n). Let a > such that a ||u;||ioo(n) < A. Let Aq = 
a((l + g{a ||u^||Loo(n))))~^"^^ and A ^ Aq be fixed. Then 

-Ap{aw) = af{x) = Ao((l + g{a \\w\\^^^^0p-^^ ^ A(l + g{aw)Y-^ 

since g is nondecreasing. Between the subsolution and the supersolution aw, there exists a 
minimal solution v_)^ obtained as the nondecreasing limit of the iterative scheme 

Vn = a(A/(x)(l + g{vn-i)r-'),n ^ 1. (5.1) 

Then Wvxh^^a) S a \\w\\ (^q) < A. 

Conversely, let f be a solution of (PVA). Then u = H{y) is a solution of (PUA) and L ^ u ^ 
X^l^-^)g{f) a.e. in VL, hence g{f) G L°°{d). ■ 

Remark 5.2 The converse result is sharp. Take f = l/\xf with G then Q{f) L'^{Vl). 
Hence if L < oo there is no solution of (PVX) for any A > 0; for example, there is no solution of 
problem 

-A„v = t4w(1 + v)^ inn, v = on dn. 
\x\^ 

for Q > p — 1. Otherwise from Theorem 1.2, for Q = p — 1 and < A < Ai(/), there exists a 
solution; in that case H{oo) = oo. 
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Remark 5.3 When A < oo, andg has an asymptote at A, it may exist solutions with \\v\\j;^oo^q^ = A. 
Consider example 9 of paragraph 3.2 with p = 2 and Q = B{0, 1). Here l+g{v) = {l — v)~'^, Q > 0, 
and l3{u) = Q(l-(Q + l)n). For X = 2{{N -2)Q + N)/(Q + l)'^, problem (PUX) admits the solution 
u={l- r^)/{Q + 1). Then v = = 1 - r^/W+i) G W^'^in), and ||i;|Loc(Q) = 1. 

The range of A ^ for which problem (PVA) has a solution depends a priori on the regularity 
of the solutions. We introduce three classes of solutions. In case A < cxd the notion of solution 
includes the fact that ^ v{x) < A a.e. in il. 

Definition 5.4 (i) Let Sr be the set o/A ^ such that (PVX) has a renormalized solution v, that 
means w gW. 

(a) Let be the set o/ A ^ such that (PVX) has a variational solution v, that means 

(Hi) Let Sb be the set o/ A ^ such that (PVX) has a renormalized solution v such that 
II^^IL-(Q) < ^■ 

Remark 5.5 The sets S'r,S'*, Sf, are intervals: 

Sr = [0, Xr) , 5* = [0, A*) , Sb = [0, Xh) with X^ S ^ S K S oo. (5.2) 

Indeed ifXo belongs to some of these sets, and vx^ is a solution of (PVXq), then vx„ is a supersolution 
of (PVX) for any X < Aq. Between the subsolution and vx^, there exists a minimal solution of 
(PVX), obtained as the nondecreasing limit of the iterative scheme (5.1). 

In case A = oo, 5^ is the set of of X^ such that (PVX) has a solution v € Wq'^{^) fl L°°(r2). 
For any X < X^ there exists a minimal bounded solution Vx- And Xb ^ A* since any renormalized 
bounded solution is in WQ'P{n) from Remark 2.5. 

In case A < oo, then A^ = A*, since Sr = 5"*, from Remark 2.5. Moreover X* < oo. Indeed any 
solution V of (PVX) satisfies XQ{f) < K a.e. in and Q{f) ^ 0. 

A main question is to know if A;, = A* = A^, as it is the case when g{v) = v, from Theorem 
1.2, where A* = Ai (/) . It was shown when g is defined on [0, oo) and convex in [15] for p = 2. The 
method used was precisely based on the transformation u = II{v), even if problem (PUA) was not 
introduced. By using the equations satisfied by truncations as in the proof of Theorem 1.1, we can 
extend the kea point of the proof: 

Theorem 5.6 Let 51,52 ^ C'^([0, A)) be nondecreasing, with < 52 = 5i on [0, A) . Let v &W (O) 
such that —ApV ^0 a.e. in Q, and ^ v < A a.e. inU. Set 



Hi{t) = 
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Assume that 

O^g'^o H^^ ^ g[ o H^^ on [0, (A)) . (5.3) 
Then v = H2^{Hi{v)) G W, and v ^v, and 

-ApV^(^Y i-Apv) inL\9). (5.4) 



Proof. We can assume that (?i(0) = 1. Let u = Hi(v), and F = —ApV. Applying Theorem 1.1 
with g = gi — 1 and / = Fgi{vy~^ ^ F, the function u is a renormahzed solution of 

-Apu = Pi{u)\Vuf + Fgi{v)^-P in Q, u = on dU, 

where /3i(«) = {p - l)g[{v) = (p - l)g[{H^Hu)). Let 

v = H^\u) = iH^'oH,){v) 

then V '^v, because 52 = 51- Moreover g'i{v) ^ g2{v), thus we can write 

Pi{u) \Vuf = {p- l)g'2{v) \Vuf + r] = /?2(u) \Vu\p + rj, 

with 77 G (Q) , ?7 ^ 0; thus 

-Apu = /32{u)\Vu\P + f 

with / = Fg\{vY~^ + r]. From Lemma 3.4, the truncations Tk{v),TK{u),Tk{v) satisfy respectively 
-ApTk{v) = Fx{^^k} + f^k, 

-ApTK{u) = Pi{Tk{u)) |Vr;^(n)|^ + Fgi{v)^-Px{^i ^ K} + aK, 
-ApTk{v) = fg2{v)P-'^X{v^k} + fik, 

in P'(r2), where 

aK = gi{v)^~Pnk, Uk = {92{k)/gi{k)y~^iik- 

As in the proof of Theorem 1.1, we obtain fg2{vY~^ S L} ($7) , and f g2{vy~^ X{v<k} converges to 
fg2{vy~^ strongly in (J7) . Moreover /x^ converges to in the narrow topologyas A; — > A, thus 

Iim/Xjfc(f2) = 0; and 52 (^) = 9i{k), thus lim.p,k{Q) = 0, and fik converges to in the narrow 
topology. Then from Theorem 2.6, is a renormalized solution of 

-ApV = fg2{v)P-^ inn, v = Q on OQ. 

Then -ApV G -L^(O), and v satisfies (5.4). ■ 
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Remark 5.7 Assumption (5.3) is equivalent to the concavity of the function (j) = H2 o Hi; and 
(5.4) means that 

-Ap^{v) ^ (^\v)f-\-Apv) in (n) . 

If we take any concave function (p this inequality is formal. For the particular choice (j) = (j), the 
inequality is not formal, since no measure appears. 

Our main result covers in particular Theorem 1.3. Some convexity assumptions are weakened: 

Theorem 5.8 Let g satisfying (1.2), and H he defined by (3.2) on [0, A), and f ^ . In case 

A = 00, L = 11(A) = CO we suppose / G r > N/p. Assume that for some A > there exists 

a renormalized solution v of 

-Apv = Xf{x){l + g{v)f-'^ inn, v = on dU 

such that ^ v(x) < A a.e. in 0,. 

(i) Suppose that H x (1 + g) is convex on [0, A), or that g is convex near A. Then for any e G (0, 1) 
there exists a hounded solution w, such that ||ii'||^oo(f7) < A of 

-ApW = X{l-ef-^f{x){l+g{w)f-^ inQ, w = on dQ. (5.5) 
In other words. A;, = A* = A^. 

(ii) Suppose that g is convex on [0, A) . Then for any s G (0, 1) there exists a hounded solution w 
such that \\w\\j^oo(^^-j < A 0/ 

-ApW = Xf{x){l+g(w)-ey-^ inU, w = on dU. (5.6) 
In particular if X* < 00, for any c > 0, there exists no solution of problem 

-ApV = X*f{x){l+g{v)+c)P-^ inn, v = on dU. (5.7) 

Proof, (i) First case: L = H{A) = f^ds/il + g{s)) < 00. 
• First suppose H x (1 + g) convex on [0, A) . Wc take gi = 1 + g and (72 = (1 — ^)9i- Then 

H2 = H/{1 - e), H^\u) = H-\{1 - e)u) = *((1 - £)u). 

Condition (5.3) is equivalent to (1 — e)ug'{^{{l — £)^/^p~^^u) ^ ug'{'^{u)). In terms of u, it means 
that the function u 1 — > u(3{u) is non decreasing; in terms of v it means that H xg' \s nondecreasing. 
This is true when H x {1 + g) \s convex, since {H x (1 + g))' = 1 + H x g' . Then from Proposition 
5.6, the function v = ^'((l — £)H{v)) satisfies 

-A^^; ^ A(l - er-'fix){l + g{v)r-\ 
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Thus there exists a solution w of (5.5) such that w ^ v. And v{x) ^ — £)L) < A a.e. in J7, 
hence w is bounded, and moreover ||u^||2;,oo(q) < A. 

• Next suppose g convex on [A, A) , with ^ vl < A. Let M = 1 + g{A). Taking £ > small enough, 
we construct a convex nondecreasing function gi G C^([0, A)) such that gi^l + g, and 

gi{s) = M on [0,A-c], gi{s) ^ M(l + 2e) on [0, A + d], gi{s) = 1 + g{s) on [A + d,oo), 

with c = 2£M and d ^ 2£Mg'{A): we use a portion of circle tangent to the graph of 1 + g and to 
the line of ordinate M ; in case g'{A) = we take gi = 1+ g). We set 52 = (1 ~ 2^)51- The function 
V = H^^{Hi{v)) = ^'i((l - e)Hi{v)) satisfies 

-Apv ^ Xf{x)Fr\ where = (1 - + ^(i;)), 

and u ^ V. On the set {-u ^ f ^ A + d} , we find M ^ 51 (^"^) and gi{t)) S M{1 + 2e), thus ^ 
(1 — 3e)(l + g{v)). On the set {A + d ^v} , we get gi{v) = gi{v) = 1 + ^(v), thus ^ 
(l-e)(l + 5r(t;)). On the set {v S A + d S v} , there holds M ^ gi{v) ^ M(l + 2e) ^ l + thus 
again ^ (1 — + g{v)). Then again — ApV ^ A(l — £y~^f{x){l + ^(v))^^^, and we conclude 
as above by replacing e by Se. 

Second case: L = 00. Here v can be unbounded. Extending [15], we perform a bootstrapp 
based on Lemma 2.13. The function Hi is concave, thus 

Hi{v) - HM ^{v- v)H[{v)) = ^ ^ ^ (5.8) 

and Hi{v) = (1 - e)Hi{v), hence £(1 + g{v)) ^ £gi{v) ^ v/Hi{v) ^ C(l + v) for some C > 0. 
Then (1 + g{w))P-'^ G L'' (Q) for any a G [1, Ar/(Ar - p)) . Since f € L"- (n), r > N/p, from Holder 
inequality, there exists mi > 1 such that fg{wy~^ G L"^^{Q). If p = N, then v G (Q) from 
Lemma 2.13 and we conclude as above. Next assume p < N. We can suppose nii < N/p. Setting 
wi = w, wi is a solution of (PV(1 — e)^~^A), and —ApWi G L'"i(r2): from Lemma 2.13, tuf G L^(0) 
with s = (p — l)Nmi/{N — pmi). Replacing 1 + g hy (1 — e)(l + (?) we construct in the same way 
a solution 102 of (PV(1 — c)^(*'^-'^)A) such that 5(^2) = C{1 + wi)), By induction we construct a 
solution Wn of (PV(1 - ef^P-'^'^X) such that 5(u>„) ^ C(l + ii;„_i)), thus fg{wnY'^ G L™"(^]), 
with l/m^ — 1/r = l/m„_i —p/N . There exists a finite n = n{r,p,N) such that nin > N/p, thus 
Wfi-t-i G L°°{ft) from Lemma 2.13. Since e is arbitrary, we obtain a bounded solution of (5.5). 

(ii) Suppose that g is convex on [0, A) . We take gi = 1 + g and 52 = 51 — £, then (5.3) is 
satisfied, because g' is nondecreasing and Hi ^ H2. Then we construct a solution u; of (5.6), such 
that w ^ V = H2^{Hi{v)). Here we only find w{x) ^ v{x) < L a.e. in fl, by contradiction, but not 
1 1 It; 1 1 ^00 < A. As above (5.8) holds. And Hi{v) = H2{v), hence 

r ds r ds 

Hi{v) - Hi{v) =e — -ds ^ e / — r^ds 

Jo 9i{s){9i{s) - e) Jo 9i{sr 
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Then there exists C > such that Hi{v) — Hi{v) ^ Ce, a.e. on the set {v > 1} , thus gi{v) ^ 
v/eC{A) on this set. Hence there exists > such that £gi{vi) ^ Ce(l + '?;). Replacing g by 
g — ne, in a finite number of steps as above we find a solution of (5.5), since e is arbitrary. 

Assume that there exists a solution of (5.7) for some c > 0. Then 

-ApV = A*(l + c)f- V(^)(l + 9{v)/{l + c)r-' in Q. 

Considering g/ (1+c) and s = c/2(l+c), there exists a bounded solution w such that H^i'Hioc.^Q) < A, 
of 

-Apw = X*f{x){l+g{w) + c/2Y-^ in n, 
We take a > small enough such that a ^ c/2(l + ||fl'('ii')||/,oo(j^)). Then w is a supersolution of 
(PVA*(1 + a)'^^^), thus there exists a solution y of this problem such that ||?/||ioo(Q) < A, which 
contradicts the definition of A*. ■ 

5.2 Cases where g has a slow growth 

In the linear case g{v) = v, we have shown that A* = Ai(/). Next we consider the cases where g 
has a slow growth, that means g satisfies (1.3) for some Q € (0, Qi) . 

First suppose that g is at most linear near oo and show a variant of Theorem 4.1: 
Corollary 5.9 Assume that A = oo, and g satisfies (1.3) with Q = p — 1, that means 

^ M^/f-'^ = li^r-.oo^ < OO, (5.9) 

Then A* ^ Mp_iAi(/) : if Mp^iX < Ai(/) there exists at least a solution v € Wq'^{Q.) to problem 
(PVX); if (1 + g{v))/v is decreasing, the solution is unique. 

If f e {n),r > N/p, any solution satisfies v G L~(J^), thus X^ = A*. If f e L^/P{n) and 
p < N, any solution v G L'^{Q,) for any k > 1. 

Proof. Let M > Mj,_i such that MX < Ai(/). There exists A>0 such that (1 + g{s)y~'^ ^ 
M{A + s)P-^ on [0, oo) . Defining vi = g{Xf) £ W^'^iQ) as in the linear case of Theorem 4.1, and 
Vn = g{Xf{l + g{vn-i))P-') e W^'P{n), we find from (4.3) 

[ \VVnf dx^XM [ f{A + Vn-ir-^Vndx ^ ^^}] [ dx + XK„ 

with a new > 0, and conclude as in the linear case. Uniqueness follows from Lemma 2.12, and 
regularity from Proposition 2.14, (iii). ■ 

Corollary 5.9 obviously applies to the case where g is sublinear near oo, that means g satisfies 
(1.3) with Q < p—1, and shows that if Ai(/) > 0, then A* = oo. In fact existence of a renormalized 
solution can be obtained for some functions / without assuming Ai(/) > 0, as it was observed in 
[60]: 
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Proposition 5.10 Assume that p < N, A = oo, and g satisfies (1-3) with Q G {0,p — 1) and 
f e L'-(n), r G {l,N/p), with Qr' < Qi. 

Then for any A > there exists a renormalized solution v of (PVX) such that v'^ G L^(p) for 
d = Nr{p — 1 — Q)/{N — pr). In particular Xr = oo. 

// (Q + ly ^ p*, then v G W^'^iU), thus X* = oo. 

If (Q + ly > p*, then \Vvf G L^{n) for 9 = Nr{p -1-Q)/{N -{Q + l)r). 

Proof. Let M > such that (1 + (/(i))^"^ S M{1 + tf for t ^ 0. For any fixed n G N, there 
exists Vn G Wq'^{Q) such that 

-ApVn = XTnifix)il+giVn)r-'). 

It is obtained for example as the limit of the nondccrcasing iterative sheme Vn^k = G{^Tn{f{x){l + 
9{vn,k-i)y^^^))j ^ = 1) i^nfl = 0- We take (ppivn) as a test function, where (^(^{w) = Jq{1 + \t\)~^dt, 
for given real /3 < 1. Setting a = 1 — (3/p and u)„ = (1 + — 1, we get 

\ [ \VWn\''dx= I J^^^dx^(l-/?)-lAM / fil + Vnf-^+'^dx. 

Jn Jn (1 + vnf Jn 

Prom the Sobolev injection, There exists C > such that 

(^l^w^*dxY' s c Ijii+wj'-^+^y-dx ^ (^l^wi^-p+^y/^dxY^ 

Taking /3 = {{Q + l)r' - p*)/{r' - N/{N - p) < 1, we find {1 - P + Qy/a = p* . Then {wn) is 
bounded in wl'^{Q), thus {vf^) is bounded in L^{Q). If (Q + l)r' ^ p* then /3 ^ 0, thus {vj) is 
bounded in Wl'^{9.). If (Q + l)r' > p* , then /? > 0, and 

/„ l^""!""^ - (X (OT^) (/J^ ^ ""''<'^)'"*^ 

thus (iVvnO is bounded in L^(ri), where 9 < p. Then {f {x)g{vn)y~^) is bounded in L°'(0) with 
(J = rd{rQ + d) > 1. Prom Remark 2.11, up to a subsequence, {vn) converges a.e. in f2 to a 
renormalized solution of the problem with the same regularity. ■ 

Remark 5.11 (i)The fact that Xr = oo is much more general, as it will be shown at Theorem 6.2. 
(a) The regularity of the solution constructed at Proposition 5.10 is a little stronger that the one 
exspected from Proposition (2.14) (vi). We do not know if any solution of the problem has the same 
regularity. 
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Our next result concerns any function g with a slow growth, without assumption of convexity. 
It is a direct consequence of Proposition 2.14: 

Proposition 5.12 Assume that A = oo, and g satisfies (1.3) with Q G [p — 1, Qi) and f G L^{Q,) 
with Qr' < Qi. 

Then any renormalized solution of (PVX) is in W^'^in) n L°°(n). Thus Aft = A* = A^. 
Remark 5.13 It holds in particular when p = N, g satisfies (1-3) for some Q ^ N — 1 and 

feU{n),r>l. 

5.3 Superlineeir case: Extremal solutions 

In this paragraph we assume for simplicity that g is defined on [0, oo) . 

Definition 5.14 Assume that < Ab ^ A* ^ A^ < oo. The function 

V* = sup V)^, 

where v^^ is the minimal bounded solution of (PVX) is called extremal. 

Remark 5.15 Assume that g is at least linear near oo : lim ^ >oo9i'^)/'^ > (it holds in particular 

when g is convex, g ^ 0). 

(i) Then Xr < oo. Indeed there exists c > such that 1 + g{T) ^ c(l + r) for any r G [0, oo) . // 
(PVX) has a solution, then there exists a solution of problem 

-Apv = Xc^/^P-^^f{x){l + v)P~^ inn, w = on dn. 

Then X ^ c-V(p-i)Ai(/) from Theorem 4.1. 

(a) The function v* is well defined with values in [0, oo] as soon as G{f) < oo. For simplification, 
we will assume in the main results that f & (fi) , r > N/p. 

Next we study the case g super linear near oo : 

g G C^([0, oo)),g{0) = and g is nondecreasing, and lim^ >oo^^ = (5.10) 

Here the first question is to know if v* satisfies the limit problem (PVA5) and in what sense. 

The case p = 2 was studied in [15] for g convex, with / = 1. In fact the proof does uses the 
convexity, and extends to more general / and we recall it below. 
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Lemma 5.16 ([15]) Assume p = 2 and (5.10), f G U{Q),r > N/2. Then v* is a very weak 
solution of (PVXb), that means v* G L^{Q), g{v*) G L^{Q,pdx) where p is the distance to dU, and 

- [ v*ACdx = [ fg{v*)Cdx, VC G (H) ,C = on dQ. (5.11) 
Jn Jn 

Proof. Let A„ y Xb and Vn = Vx„ multiplying the equation relative to Vn by a first eigenfunc- 
tion $1 > of the Laplacian with the weight /, one finds 

Ai(/) / fvn^idx = Xn / f{l + g{vn))^idx; 
Jn Jn 

and the superlinearity of g imphes that /(I + g{vn))^idx is bounded, thus {fg{vn)) is bounded 
in L^{n,pdx). Using the test function ip = ^(1), it implies that (t;„) is bounded in L^(f2) from the 
Hopf Lemma. Then v* G L^{fl) and satisfies (5.11). ■ 

When moreover g is convex, it was proved in [54] that v* is more regular, in particular g{v*) G 
L^(r2), by using stability properties of v*. Thus v* is a renormalized solution of (PVA*). In case 
p ^ 2 there is no notion of very weak solution. 

5.3.1 Without convexity 

Without convexity we obtain a local result: 

Proposition 5.17 Assume (5.10) and f G U' {^l) ,r > N/p. Then v* is a local renormalized 
solution of (PVXb). In particular Tk{v*) G Wl^^{Q.) for any k > 0, v*p~^ G Lf^^{^), for any 
a G [1,N/{N -p)) , and (\Vv*\)P-'^ G LJ^^{n), for any r G [1, A^/(A^ - 1)) , and 

-Apv* = A7(l + g{v*)f-^ in V'{Vl). 

For the proof we use the following Lemma: 

Lemma 5.18 Assume f G L^(r2), and g satisfies (5.10). Let (A^) he a sequence of reals such that 
limA„ > 0, and (vn) be a sequence of renormalized solutions of problem (PVXn). Then (fg{vnY~^) 
is hounded in L]^^(Vl), and {v^^) is hounded in L^^(f2), for any a G [l,7V/(iV — p)) . 

Proof of Lemma 5.18. Prom Lemma 2.16, for any xq such that B{xQ,4:p) C there exists 
a constant C = C {N, p) such that 

An / f{l + g{vn)f-^dx S Cp^'-P min ^ ^^"^ ' [ fv^-^x. 

Jb(xo,p) B{xo,p) Jb{xo,p) Jb{xo,p) 
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Then there exist c = c{N, p, p, f, xq, HmAn) > such that 

/ fgiVnT-'dx S C [ fVn^-'dx. 

JB{xo,p) JB(xo,p) 

Prom (5.10), there exists ^ > such that g{t) ^ {2c)^/^~'^h for any t^A, thus 

/ fgiVnf-'dx S C [ fVn^-'dx ^ ^A^-'c [ fdx ^ ^A^-'c 

JB{xo,p) JB(xo,p) J B{xo,p) 

and the claim is proved. Moreover we deduce that 

^ c' = c'(N,p,p,f,g,xo); 

B{xo,p) 

from the weak Harnack inequality, {v^~^) is bounded in Lf^^(Q,), for any a G [1,N/{N — p)) ■ ■ 

Proof of Proposition 5.17. Let A„ /" A^, and u„ = v_\^- Prom Lemma 5.18, {f g{vnY~^) is 
bounded in L\^^{Q.), and (i^n~^) is bounded in L^^(n), for any a G [1, A^/(A^ ~ V)) ■ Then from [9, 
Theorem 3.2], there exists a subsequence converging a.e. in fi. And {vn) is nondecreasing thus 
the whole sequence converges to v*. And g is nondecreasing, thus fg{v*Y^^ G L\^^{Q.) from the 
Beppo-Levi Theorem, and {f givnY'^) converges to fg{v*Y~^ weakly in L\gJ^Q); thus (An/(a;)(l + 
9{vn)y~^) converges to \* f{x){l+ g{v*)Y~^ weakly in L]^J^^). Prom [9, Theorem 3.3], v* is a local 
renormalized solution of (PVA5). ■ 

Our next results use the Euler function linked to the problem. From the Maximum Principle, 
problem (PVA) is equivalent to 

-/^pV = Xf{x)Lp{v) = \f{x){l + g{v^)Y-^ inO, u = on d^. (5.12) 

where 

^{t) = (1 + g{t+)Y-^; m = f ^{s)ds = f\l+ g{s+)Y-'ds, (5.13) 

Jo Jo 

thus $ G C^(R). Por any / G L^{n) and any v G W^'^in) such that f^{v) G L^{n), we set 

J^{v) = - [ \Vv\Pdx-\ I f^{v)dx. (5.14) 

In particular the function Jx is defined on Wo'^(r2)nL°°(f2). Let us recall some important properties 
of Ja- 

Proposition 5.19 ([19]) Assume f G L^{Q,) and (1-2). Let A > such that there exists a super- 
solution V G W^'^{Vl) of (PVX). Then J\ is defined on ICjj = |?; G Wq'^{Q) : ^ v ^ and attains 
its minimum on IC^ at some point v which is a solution of (PVX). In particular if < X < Xh, then 

•^a(i^a) = minJA(v) ^0. 
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Remark 5.20 In fact Jx{vx) < 0. Indeed if Jx{vx) = 0, then for any t G (0, 1) , Jx{tvx) ^ 0, thus 

f l^^Vxl^dx^pX [ f^{tvx)dx^p\t I fvxdx 
Jn Jn Jn 

thus fv_x = 0, and / > 0, thus v_x = 0, which is contradictory. 

Next we give a global result under the well-known Ambrosetti-Rabinowitz condition on g : 
Proposition 5.21 Assume (5.10), f E (il) ,r > N/p and 

]mt_,^tip{t)/^t) = k>p. (5.15) 
Then V* e W^'P^n) and is a variational solution of (PVXb). 

Proof. Let A„ y A^, and Vn = v_x^- From Proposition 5.19, 

J\M = - / \VVn\''dx -Xn [ f^{Vn)dx ^ 

P Jn Jn 



and 



/ iVvnl" dx = Xn f /(I + g{vn)y-'vndx; (5.16) 
Jn Jn 

then there exists B > and C > such that 

^ pJXnM = K I f{Vn^{Vn) -p^{Vn))dx ^ \Xnik - p) [ f^{Vn))dx - C Xn 

Jn ^ J{Vn^B} 

thus f^{vn) is bounded in L^(ri), and also | Vun^ dx is bounded; then there exists a subsequence 
converging weakly in l¥Q^'^(ri), and necessarily to v*. Prom Proposition 5.17, v* is a solution of 
(PVAb) in T>'{Q,), thus in the variational sense. ■ 

Remark 5.22 Proposition applies in particular when liiri f^^tq' (t) / q(t) = m > 1. It follows from 
the L'Hospital rule, since {t(p{t)y /^'{t) = l + {p — l)tg'{t)/{l + g{t))) for any t > 0. This improves 
the result of [19], where moreover it is supposed that g{t) ^ C{1 +t'^), and extends also the one of 
[16]. 

5.3.2 With convexity 

Here we assume that g satisfies is super linear and convex near oo. Recall that A;, = A* = A^ < oo 
from Theorem 5.8 and Remark 5.15. We first define some functions linked to g and give their 
asymptotic properties. 
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Lemma 5.23 Assume (5.10) with g convex near oo. Let for any t^O 

j{t) = tg'{t) - g{t), J{t) = t^{t) - p^t), (5.17) 

h{t) = f g'{s){g'{t) - g'{s))ds = g{t)g'{t) - f g'Hs)ds. (5.18) 
Jo Jo 

Then linit-,oo j (t) / g' (t) = oo, limj^oo J^{'t)/^{t) = oo. and lim^^tx, h{t)/j{t) = oo. 

Proof, (i) The function j is nondecreasing near oo, since g is convex near oo. Thus j has a 
Umit L in (—00,00] . Let us show that L = 00; indeed if L is finite, then tg'{t) ^ g{t) + \L\ + 1 
for large t, thus {g{t) + \L\ + l)/t is nonincreasing, which contradicts (5.10). First assume that 
g eC^ ((0, 00)) and g"{t) > 0: from the I'Hospital rule, 

lim j{t)/g'{t) = lim j'{t)/g"{t) = Xim. t = 00. 

t— >oo t— >oo t— >oo 

In the general case g is convex for t ^ A ^ 0, and limt^oo g' (t) = 00; thus for any K > 0, there 
exists tx > A + 2K such that g'{t) ^ 2g'{A + 2K) for t ^ tx- Then for t ^ tx, 

m= (\9'{t)-g'{s))ds= [^{g'{t)-g'{s))ds+ (\g' {t) - g' {s))ds 
Jo Jo Ja 

pA+2K 

^ -g{A) + / {g'{t) - g\s))ds ^ -g{a) + Kg\t), 
Ja 

thus lim^^^ j (t) / g' (t) = 00. And 

j'{t) = {p- i)(i + g{t)r-'m - 1) = ^'{t)m - i)/g'{t) (5.19) 

thus limt-,00 'J' (t) / 'f' (t) = 00; and lim^ >oo fit) = oo, thus limt-,00 J^it)/ fit) = 00. 

(ii) First assume that g G ((0, 00)) and g"it) > 0. Then hit) = gis)g" is)ds, and from the 
I'Hospital rule, 

lim hit) /jit) = lim h'it)/tg"it) = lim git)/t = 00. 

t—*oo t— +00 t— »oo 

In the general case, for any C > g'iA), there exists Ai > A > such that g'is) ^ 2C, for s ^ Ai 
and g'is) ^ 2C for s S Ai and there exists B > 5Ai such that g'it) ^ 2g'i5Ai) for t^ B. Then 
denoting Ca = hiA) - Cj(A), for t ^ B, 



hit) - cm = Ca+ fig' is) - C)ig'it) - g'is))ds 
Ja 



i-bAi 

^ - \Ca\ - CA^ig'it) + 2C)+ ig'is) - C)ig'it) - g'is))ds 

JAi 

^ - \Ca\ - CAiig'it) + C) + 2AiCg'it) = - \Ca\ + CA.ig'it) - C) 
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thus limt_>oo h{t)/j{t) = oo. ■ 

The following result will be used also in next Paragraph. The proof is new, using only the 
function J. Notice that the proof given in [2] for p = 2 was not extendable. 

Proposition 5.24 Assume (5.10) with g convex near oo, and f E ($7). Let (A„) be a sequence 
of positive reals such that limA„ > 0, and be a sequence of solutions of (PVXn), such that 
Vn e W^'P{n), G {n), and ^ c G M. 

Then (ApW^) is bounded in L^iQ). 

Proof. The function Vn G Wq'^{VL) still satisfies (5.16), thus 

P'JXnM = K f{Vn^{Vn) -p^{Vn))dx = \n I fJ{Vn)dx^Cp, (5.20) 

Jo Jo. 

where J is defined at (5.17). Then from Lemma 5.23, fif{vn)dx is bounded, which means that 
{ApVji) is bounded in L^{Cl). m 

As a consequence, we prove that the extremal solution is a solution of (PVA*) in a very simple 
way: 

Corollary 5.25 Assume (5.10) with g convex near oo, and f G (O) with r > N/p. Then the 
extremal solution v* is a renormalized solution of (PV\*). 

Proof. Let A„ A*, and Vn = v^^. Then J\„{vn) ^ from Proposition 5.19. From Proposition 
5.24, {fg{vny~'^) is bounded in L^{n), and {vl~^) is bounded in L''{n), for any a G [1, N/{N - p)) . 
Then from [9, Theorem 3.2], converges to v* a.e. in fi, as in Proposition 5.17. From the Beppo- 
Levi theorem, fg{v*Y^^ G L'^{Q.), and {fg{vnY~^) converges to fg{v)^~^ weakly in L^{Q); thus 
(An/(a;)(l + g{vn)y~^) converges to A*/(a;)(l + g{v)y^^ weakly in L^(0). From Remark 2.11, v is 
a renormalized solution of (PVA*). ■ 

Next we find again this result and get further informations on v* by using stability properties 
of the minimal bounded solutions. This extend the results of [54] for p = 2 and of [64] for p > 2 
with / = 1. Here we use the function h defined at (5.18), introduced by [54]. We first extend the 
definition given in [19] for functions v G W^'^in) : 

Definition 5.26 A renormalized solution v of problem (PVX) is called semi-stable if the "second 

derivative of J\ is nonnegaMve ", in the sense 

[ |Vt;r'((p-2)(^^)2 + |VV|V^(p-l)A / f{l+giv)r-^g\v)4;''dx, (5.21) 

for any ■0 £ T>{Q) if p ^ 2; for any ip G V{Q) such that ip ^ Cv and ^ C \Vv\ in for some 
C>0ifp<2. 
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The integral on the left-hand side is well defined. Indeed either p > 2 and {Vvf ^ G L^iP'), or 
p < 2 and 

/ \Vvf~^\Vi;\^dxSC [ \Vvf'^\Vij\dx+ [ \Vi^\^ dx 

J{Vv^O} J{\Vv\>l} J{Q<\Vv\^l} 

When V G M^Q'^(ri), (5.21) is valid for any tp € M^q'^(O), satisfying the conditions above when < 2. 

Proposition 5.27 Assume (5.10) with g convex near oo, and f G {'[l),r > N/p. Let h be 
defined at (5.18). (i) Then 

f{l + g{v*)f-'Hv*)eL\n). (5.22) 

(ii) IfN<No= pp'/{l + l/{p - l)r), then v* G L°°(0). 

IfN> No, then v*P-^ G L'=(Q) for any k < a, where 1/a = 1 -pp'/N + l/r{p - 1). 
IfN = No, then v* G L*^(J^) for any k ^ 1. 

(in) IfN <Ni= p{l +p')/{l+p'/r) then v* G Wo'^(O). 

IfN> Ni, \Vv*\P~'^ G L^(f]) for any t < f where 1/f = 1 + l/{p - l)r - {p' + l)/N. 
IfN = Ni, \Vv*\ G U{VL) for any s < p. 

(iv) If\\m.^^^h(t)/t > 0, then v* G Wq^{^). It holds in particular iflim^^^(q'(t) - g{t)/t) > 0. 

Proof, (i) Let A„ /■ A*, and Vn = ilx^. By hypothesis g is convex for t ^ A. Prom [19, 
Proposition 2.2], Vn is semi-stable. Taking ip = g{vn) in (5.21) with A = A„ and v = we get 



\VVnfg'\vn)dxZXn / /(I + ^(^n) )*'" V(^n)ff' (f n)^^ 

'n Jn 
Taking S'(t;„),as a test function in (PVA^), where Sit) = Jq g'^{s)ds, we find 

/ IVVnl" g'\vn)dx = Xn [ f {I + giVr^^-' S{Vn)dx 

Jn Jn 
By difference we obtain 

/ /(I + g{Vn)r-\{l + g(.Vn))SiVn) - g'{Vn)g\vn))dx 

Jn 

/(I + g{Vn)f-\S{Vn) - g{Vn)h{Vn))dx ^ 0. 



Observing that S{t) ^ g{t)g'{t) + \h{A)\ for A, and limt_oo h(t)/9'{t) = from Lemma 5.23, 
there exists C > such that 



/ fil+giVn)r-^giVn)hiVn))dx^C. 

Jn 
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And limt^oo^(t) = oo, thus 1 + g{t) ^ 2g{t) for A, hence (/(I + g{vn)Y ^h{vn)) is bounded in 
L^{VL), thus (5.22) holds. Then fg{v*)P-^j{v*) G L^{Q) from Lemma 5.23, hence fg{v*)P-^g'(v*) G 
and fg{v*Y/v* e ^^(0). In particular we find again that (/(I + g{v*)Y-^'^ G ^H^^). which 
was obtained in a shorter way at Theorem 5.25. 

(ii)The regularity of v* follows from the estimate f{g{v*)Y /v* G L^(ri) : Taking r' < a < N/[N—p), 
we have v*P'~^ G L'^(n). Defining hy p/9 = p — l + l/r + l/a, we have 9 G (1,^') , and from Holder 
inequality, 



/ 

Jn 



Is^dx^'' (^jy^v*'^'^'Y''^'''-'^dx^ 



< 



Then fg{v*Y~^ e with 6* > 1. If p = AT, then from Lemma 2.13, v* G L°°{rt). Next assume 

p < N. Choosing a sufficiently close to r' , one has 9 < N/p. Prom Lemma 2.13, as soon as < N/p, 
we find v*P~^ G L'^^{Q) with ai = N9/{N — p9). For a sufficiently close to r', we also find ai > a. 
Then we can define an increasing sequence {a^) and a sequence {9^), as long as 9i, < N/p. If (ai,) 
has a limit a, then 1/a = l—pp'/N+l/r{p—l), and {9i,) converges to ^ = {l + l/r{p—l)—p'/N)'~^. 
It follows that V* G if < ATq. If AT ^ A^g, 'y*P-i G L^(J^) for any A; < a. 

(iii) Lemma 2.13 also gives estimates of the gradient: if p = A, then v* G Wq'^ (Q). If p < N, 
{\Vv*f~'^) G L'^-'in) with 1/r,, = 1/^,,-1/A, as long as 9^ < Np/{Np-N+p), and (tu) converges 
to f = (1 + l/{p - l)r - {p' + l)/A)-i. Then v* G W^'^iQ) if f > p', that means if A < Ai. If 
A^ ^ Ai, {\Vv*f~^) G L^(rj) for any r < r. 

(iv) If lim,^^h(t)/t > 0, then 

/" IVVnl" dx = Xn [ /(I + 5K)r~'l'nCix ^ C, 

Jn 

thus V* G l¥Q^'^(r2). It holds in particular when lim^_,^7'(t)/^ > 0, from Lemma 5.23. ■ 

Remark 5.28 if p ^ 2, v* is semi-stable. Indeed Vn = v^^ satisfies (5.21) for any G 

And (\Vvn\) converges strongly in to \Vv*\^''^ , so that we can go to the limit from Lebesgue 

Theorem and Fatou Lemma. 

Remark 5.29 In case p = 2, Q strictly convex, and f = 1, then v* G Wq'^^), for any function 

g satisfying (5.10), from [55] . The proof uses the fact that J\*{v*) ^ and Pohozaev identity; the 
kea point is that v* is regular near the boundary, from results of [62]. In the general case p > 1 with 
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/ = 1, if we can prove that v* is regular near the boundary, then v* G Wq'^(J7). Indeed Pohozaev 
identity extends to the p-Laplacian, see [40]. For general f we cannot get the result by this way, 
even for p = 2. 

Remark 5.30 In the exponential case 1 + g{v) = e^, with f = 1, it has been proved that v* G 

Wq'^(JI), and v* G L°°(n) whenever N < N2 = ^p/{p- 1) +p, see [32] and [35]. In the power case, 
(1 + g{v)y~^ = (1 + v)"^ the same happens; if N ^ N2, and m < nic, where 

{p-l)N- 2^{p -1)(N -l)+2-p 
N -p-2-2^{N -l)/{p-l) 

then also v* G see [28]. The same conclusions hold when the function g behaves like an 

exponential or a power, see [67], [19], [63], and [27]. Up to our knowledge, the gap between Nq = pp' 
and N2 remains for general g, excepted in the radial case, see [18]. 

We end this paragraph with a boundness property when g has a slow growth: 

Proposition 5.31 Assume that g satisfies (5.10)and (1-3) for some Q € {p — l,Qi), and g is 
convex near 00, and f G L'^{Q) with Qr' < Qi. 

Then V* G W^'^ift) n L°°{n) and is a variational solution of (PVX*). 

Proof. As in Proposition 5.12, it follows from Corollary 5.25 and Proposition 2.14 (i). ■ 

5.4 Boundedness and multiplicity under Sobolev conditions 

Next we assume only that g is subcritical with the Sobolev exponent: 

g(T)P-'^ 

lim^ >oo n — < some Q G (p — 1, Q*) , (5.23) 

and / G L^{n) with (Q + l)r' < p*. Then Jx is well defined on W^'^in) and Jx G C^{W^'^{n)). 

Proposition 5.32 Assume (5.10) and (5.23), g convex near 00, and f G L'^{^) with {Q+l)r' < p* . 
Let (A„) be a sequence of positive reals such that lim A„ = A > 0, and {vn) be a sequence of solutions 
of (PV\n) such that Vn G Wl'^{n), and Jx^Vn) ^ c G M. 

Then {vn) is bounded in Wq'^{Q). 
Proof. We still have 

pJxAVn) = K fiVnfiVn) - P<^iVn))dx = Xn fJ{Vn)dx 

Jci Jn 
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where J is defined at (5.17). Prom Proposition 5.24, (/^(fn)^ is bounded in L}-(^). Pollowing 
the method of ([43]), suppose that up to a subsequence, hm H'Wnllpj^i.p^Q^ = oo, and consider Wn = 

'^n/ \\vn\\]y'^'P^Qy Up to a subsequence, {wn) converges to a function w weakly in Wq'^{Q) and 
strongly in L'^+^(J^), for any k <Q*. Por any C € T^i'^), 

\VWnr^ VWnVCdx = lbn||^£p(^^ J^{1 + gMf-^dx 

tends to 0, thus w = 0. Let Zn = tnVn, where 

t„ = inf <^ t G [0, 1] : Jx„itvn) = max Jx„{svn) > ■ 

[ SG[0,1] J 

In fact lim J\^{zn) = oo. Indeed suppose that lim Jx^ (zn) = M < oo. For given K > 0, setting = 
Kwji, then up to a subsequence, J\„{un) S Jxn{zn) ^ M + 1 for large n. And lim f^{un)dx = 0, 
from (5.23) and the assumptions on /, hence lim J;^^(u„) = XK^/p from (5.14). Taking K large 
enough leads to a contradiction. Then tn £ (0, 1) for large n, thus 

JxJZn){Zn) = [ {"^Znfdx - K f f {I + g{Zn)Y-^ Zndx = 0, 

Jn Jn 

K^P'J\n{^n)= j f {Zn<p{Zn) - P^{Zn))dx = I fJ{Zn)dx. 

Jn Jn 

And limj >oo j{t) = oo, from Lemma 5.23. Thus there exists B > such that j{s) — 1 > for 

s ^ B, hence J{B) ^ J'(t) ^ J{t) for any B ^ t ^ t from (5.19). Moreover Zn ^ Vn a.e. in $7, 
thus {zn > B} C {vn > B} , then with different constants C > 0, 

/ fj{zn)dx [ fj{zn)dx f fj{vn)dx I fj{vn)dx ^ C + A" V 

Jn J{z„>B} J{v„>B} Jn 

therefore {Jx„{zn)) is bounded, and we reach a contradiction. Then (vn) is bounded in Wq'^{Q,). m 
As a consequence we obtain the boundedness of the extremal solution under estimate 5.23, 
which achieves the proof of Theorem 1.4: 

Proposition 5.33 Assume (5.10) and (5.23), g convex near oo, and f € U{Q) with (Q+l)r' < p* . 
Then the extremal solution v* G Wq'^{^) nL°°(ri) and is a variational solution of (PVX*). 

Proof. Considering A„ y A*, the sequence of minimal solutions Vn = Vx„ satisfies Jxn{vn) = 
from Proposition 5.19. From Proposition 5.32, (v„) is bounded in W(}'''(r2), and converges to v* a.e. 
in 17, thus V* € Wq'^{^1) and is a variational solution of (PVA*). Then v G L°°(r2) from Proposition 
2.14 (iii). ■ 
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Next we show the multiplicity result of Theorem 1.5, where f,g satisfy the assumptions of 
Proposition 5.32. We still use the Euler function Jx associated to (PVA). Here two difficulties 
occur. For small A, J\ has the geometry of Mountain Path near 0, but function g can have a slow 
growth, and one cannot prove that the Palais-Smale sequences are bounded in Wq'^{^}); then we 
use a result of [42] saying that there exist (A„) converging to A, such that has a critical point 
Vn, and we prove that this sequence is bounded. For larger A it is not sure that Jx has the 
geometry of Mountain Path near the minimal solution Vx of (PVA), and we have to make further 
assumptions on g. 

Proof of Theorem 1.5. For any A G (0, A*) there exists at least one solution, the minimal 
one Vxi such that J\{vx) < 0, from Proposition 5.19 and Remark 5.20. 

(i) Existence of a second solution for A small enough. 

Prom (5.10) and (5.23), there exists Aq € (0, A*) such that for any A < Aq, there exists Rx > 
such that inf | Ja('v) : Ibll^yi^p^n) = -Ra| > 0, and a function wx € Wq^'^(O) with ||wA||^yi'P(Q) > -^A 
and Jx{wx) < 0. Then Jx has the geometry of the Mountain Path near 0: 

cx = inf max Jx{0it)) > = max(JA(0), Ja(w^a)), (5.24) 
6»erte[o,i] 

where T = ^9 e C([0, 1] , Wo'P(O)) : 6(0) = 0,9(1) = wx^ ■ Let Ai € (0, Aq) be fixed. Let us show 
the existence of a solution at the level caj . There exists S > such that the family of functions 
('^A)ae[Ai(i-5),Ai(i+5)] ^Iso Satisfy the condition (5.24): 

cx = inf max Jx(9(t)) > = max(JA(0), Ja(w;ai))- (5.25) 
6ierte[o,i] 

From [42], for almost every A G [Ai(l — S), Ai(l + 5] , there exists a sequence (f A,m) > bounded in 
W^'^in), such that lim JA(t;A,m) = ca and lim J^(7;A,m) = in W'^'P' (Q) . From (5.23), the Palais- 
Smale condition holds: there exists a subsequence, converging to a function vx strongly in WQ^'^(r2), 
and Jx{vx) = Cx, and J'xivx) = 0, in other words vx is a solution of (PVA). This holds for a sequence 
(An) converging to Ai. Let Vn = vx„, then Vn is a solution of (PVA„), thus 

JXuM = K f{Vn(p{Vn) -p^iVn))dx = Ca„ ^ Ca + 1. 

Jq 

From Proposition 5.32, (u„) is also bounded in Wq'^{Q,). Up to a subsequence [vn) converges to 
a function v weakly in WQ^'^(fi) and strongly in L''{Q) for any k < p*, and a.e. in ft. Then 
(A„/(l + g{vn)y~^) converges to Ai/(1 + 5 (f))^""^ strongly in L^{Q). From Remark 2.11, w is a 
solution of (PVAi). And {f{vn'^{vn) — P^{vn))) converges to f{v(p{v) — p^{v)) strongly in L^{Q) 
then (Jx^ivn)) = (cxj converges to Jxiv), thus Jx{v) = cx- 

(i) Existence of a second solution for A < A*. 
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Let Ai < A* be fixed. Let A2 G (Ai,A*), and let V\j^j11x2 minimal bounded solutions 

associated to Ai, A2. Then on [0,i^;s^2] there exists a solution vq minimizing Jx^^,. Prom Proposition 
5.19, vo is a solution of (PVAi) and v^^ is minimal, thus v^-^ =vo ^ y_x^- 

• First suppose p = 2 and g is convex. Then vq = v^^ and it is a strict minimum of Jx^ . Indeed 
Vx2 is semi-stable, thus for any (p G Wq''^{^), 

/ \Vip\^dx'^X2 / fg{vx^)^'^dx; 

and g'{vxj ^ g'inxj, thus 

JxMx^)-i^^^)= I \^^?dx-X^ [ fg'{vx,)ip'dx^{l-^) [ \V<pfdx; 
Jn Jn ^2 Jn 



and J'x-^ivxJ = 0, then v_x^ is a strict local minimum in Wq^'^(O). Then there exists Rx^ > and 
inf |Ja(i;) : H"" - IIai ||w^i.f(n) =^Ai} > ^Ai(i^Ai) > JxA^Xi)- 



wxi G Wq"''{^1) with llwAilljyi.pCQ-, > Rxi such that 



Therefore Jx^ has the geometry of the Mountain Patli near . Using the results of [42] as above, 
we get the existence of a solution of (PVa^) at a level cx^ > Jai(2^Ai)' different from Vx^. 

• Next suppose that g satisfies condition (5.15), without convexity assumption, and / G L°°{n). 
If vq ^ Vx^ we have constructed a second solution. Next assume that vq = Vx^^. Since / G L°°{U), 
Vx^ and Vq G C^'" (Q) . From [34, Theorem 5.2], vq is a local minimum in Wo'P(rj) : it minimizes 
Ja, in a ball B{vo, 5) of W^'^in). From (5.15), we get tip{t) ^ ik+p)'^{t)/2 for t > yl > 0. Here the 
Palais-Smale sequences are bounded: if Vn G Wq'^{Q,) satisfies lim J^^X^n) = c and if ^„ = J'^^ {vn) 
tends to in W-'^'P'{n), one finds, with different constants C > 0, 



/ l^^Vnf dx - ^n{vn) = M / fv:^(p{v:^)dx- / fv^dx'^Xi / /v+(^(i;+)dx - C 
Jn Ja Jn J{vn^A} ° ^ ' 

^ Ai^i^ / f^{Vn)dx - C ||t'n||wi,f(n) 

' H~ p f 



thus {vn) is bounded in Wq'^{Q,). And there exists a function v such that Jai.(^^) < «Ai.('yi) and 
II^^Ai ~ ■^11 = 1 + Let 

CA = inf niax Ja(6'(«)) ^ max( Ja^ (w^J, Jai(^')) 
pGr te[o,i] 
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where T = |6' G C([0, 1] , W^'^in)) : 6(0) = Vxi,0{l) = wxj ■ And v^^ is a local minimum. Then 
either the inequality is strict and there exists a solution at level c\ from Moutain Path Theorem. 
Or cx = Jx-^{vi) and there exists a solution in Wq'^{Q)\B{vx^,S), from the variant of [37]. ■ 

Remark 5.34 In case p = N, assumptions of growth are not needed in Propositions 5.31 and 5.33: 

for any g satisfying (5.10), convex near oo, and f € L"^ (17) ,r > 1, we have v* G nL°°(r2), 
/roTO Proposition 5.27. However assumption (1-3) for some Q > N — 1 is required in order to get 
the multiplicity result of Theorem 1.5. 

6 Problem (PVA) with measures 

Here we study the existence of a rcnormalizcd solution of problem 

-l:^pv = \f{l + g{v)f-^ + in 17, v = Q on dn (6.1) 

where G fJ- ^ 0. The problem is not easy for p ^ 2. Indeed the convergence and stability 

results relative to problem (2.2) are still restrictive, see Theorem 2.6. 

Remark 6.1 In order to obtain an existence result, an assumption of slow growth condition is 
natural, as well as more assuptions on f. Take for example p = 2 < N and g{v) = for 
some Q > 0, and let fx = da be a Dirac mass at some point a € Q. If v is a solution, then 
v{x) ^ C \x — al"^^^ near a; then necessarily \x — a\^'^~^^'^ f G L^(r2); then Q < N/{N — 2) if 
/ = 1. More generally if there exists a solution of (6.1), then fQ {ji) G L^(0), where Q {ji) is the 
potential of fx. This condition is always satisfied if f E L^{^1) for some r > N/2. 

The existence result of Theorem 1.6 is a consequence of the next theorem, where G A^(,(r2) 
is arbitrary, without assumption of sign. It improves a result announced in [39, Theorem 1.1.] 

for Q > 1, with an incomplete proof. Our result covers the general case Q > 0, and gives better 
informations in the case Q = p — 1. We give here a detailed proof, valid for any p ^ N, where the 
approximation of the measure is precised. 

Theorem 6.2 Consider the problem 

-ApU = Xh{x, U)+n inn, U = on dQ, (6.2) 

where fi G Aibi^), and 

\h{x,U)\Sf{x){K+\U\'^), 

with Q > and X,K>0, and f G L^{0,) with Qr' < Qi. Then there exists a renormalized solution 
of (6.2) in any of the following cases: 

Q=p-\ and A < Ai(/); (6.3) 

< Q < p - 1; (6.4) 

Q>p-\ and A ||/||^.(^. {\K \\f\\^.,^. + |m| (Q))(a-P+i)/(^-i) ^ c (6.5) 
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for some C = C{N,p, Q) for p < N, and C = C{N, Q, KNi^)) for p = N. 
Proof, (i) Construction of a suitable approximation of fi. Let 

H = Hi- H2 + l^t - IJ-J^ with ni = fi+,lj,2 = Hq e M^{n), nf,iijeMt{^), 

thus + H2{^) + fJ-ti^) + fJ'ji^) ^ 2|/x(ri)| . Following the proof of [12], see also [26], for 

z = 1, 2, one has 

IJ-i = Vili, with 7j G M^{n) n W~'^'P'{Vt) and G L^(J^, 7^). 

Let {Kn)n>i a increasing sequence of compacts of union fi, and set vi^i = Ti{ipiXKi)7i and i'n,i = 
Tn{fiXK„)7i — Tn-i{'PiXK„^i)7i- By rcgularization there exist nonnegative 4>n,i £ V^Q) such that 



'n,i\\w-'^'p'{n) = 2 Then K^i = J2i <pk,i G T^i^) and {hn,i) converges strongly in 

L^(r2) to a function /ij, and ||/in,i||j^i(f^) ^ ^j(f^). Also Gn,i = YJii^k-i - 4>k-i) G n A^6(ri) 

and {Gn,i) converges strongly in W^^'^ (^2) to some Gj, and = hi + Gi, and ||Gn,i ^ 2fii(Q). 
Otherwise by rcgularization there exist nonnegative and A^^ G converging respectively to 

fifjHj in the narrow topology, with |1 A^^^H^ij^j^^ ^ fif{Q,), H^^nllii^n) = 1^7 i^)- Then the sequence 
of approximations of /x defined by 

Atn = ^n,l — ^n,2 + Gn,l — Gn,2 + ~ ^ 

satisfies the conditions of stability of Theorem 2.6, and moreover is bounded with respect to (O) 
by a universal constant: 

|/x„|(J^) ^4|/x|(0). 

(ii) The approximate problem. For any fixed n G N, we search a variational solution of 

-ApC/„ = \Tn{h{x, Un)) + Hn, (6.6) 

by using the Schauder Theorem. To any V G Wq'^{Q.) we associate the solution U = TniV) £ 
Wl'^{n) of 

-l^pU = \Tn{h{x,V)) + ^in, 

where is the truncation function. We find || VC/jl^p^j^^ ^ An ||f^||£,i(Q) + ||Mn|lvi/-i.p'(n) ll^llw^^'''(n) ' 
thus = Gn independent on V. Let S„ = B(0, C^) be the ball of W^'^ip) of radius 

Cn- Then J^n is continuous and compact from Bn into itself, thus it has a fixed point Un- From 
Proposition 2.2 and Remark 2.3, using (2.6) with a = Qr' /{p — 1), we have 

( / \Unf'''' dx)^-^y'^'' ^ Co (X f \Tn{h{x, Un))\dx + |/X,(fi)| 

^ Co \nf (^X ||/||^.(^) ^ |C/„|«^' dx)'/^' + XK ||/||^.(^) + 4 \n\ (^^)) , (6.7) 
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with£= (j)-l)/Qr'-{N-p)/N, and Cq = Co{N,p,Q,r) forp < N, and Co = Co{N,Q,r,KN (O)) 
for p = N. 

(iii) Case Q < p - 1. Then from (6.7), {\Un\'^''') is bounded in L^{n). In turn (/i(.x, [/„)) is 
bounded in L^(^}), thus (— ApC/„) is bounded in L-'^(i7). Then (It/n^ "'^) is bounded in for any 
s € [1,N/{N -p)) (any s ^ 1 if p = iV). Choosing s > Qr'/{p - 1), it follows that (|/i(x, is 
bounded in L^+^(0) for some e > 0. Prom Theorem 2.6 we can extract a subsequence converging 
a.e. in $7 to a renormalized solution of problem (6.2). 

(iv) Case Q = p — 1. Assume A < Ai(/). Let us show again that {\Un\^^ ) is bounded in L^(p,). If 
not, up to a subsequence, a„ = \ Un\^~^^^ dx tends to co and we set Wn = an^^^~^^^ Un- Then 
Wn £ Wq'^{Q,), j^Wn~^^^ dx = 1, and satisfies 

-ApWn = rin + (fn, r]n = a'^^'"' XTn{h{x ,Un)) , ifn = a~^^''' fin- (6.8) 

And (tpn) converges to strongly in L^(il), and (?7„) is bounded in L^(f2), since / G L''(il) and 

\rin\ ^^n = \f{Ca-'/'' + \Wnr^). 

From [25, Section 5.1], up to a subsequence, (wn) converges a.e. in to a function w. And [wn ^^'^) 
is bounded in L^(0), for any s < N/(N — p), and r' < N/{N — p), thus {\wn\^^^^^^ ) converges 
strongly in (O) to ; hence w ^0. And (ipn) converges strongly in L^{U) to A/ Iw^l^"^, 

hence (%) converges strongly to some rj E (Q) . Therefore, it; is a renormalized solution of 
problem 

—ApW = r], in Q, and \r]\ ^ A/(x) \w\^ ^ a.e. in Q. (6.9) 
From Proposition 2.14 (i), we get w G Wq'^{^},), since r > N/p. Then 

Ai(/) / \w\^dxS I \Vw\^dx^\ [ f\wfdx, 
Jn Jn Jn 

which is contradictory. Then as above there exists a renormalized solution of problem (6.2). 

(v) Case Q > p — 1. Here the estimate of {\Un\^^ ) does not hold, but we construct a special 
approximation (C/„) satisfying the estimate: we still have, for any V G Wq^'^(O) and U = J^n{y)-i 

(^ It/I^'-' dx)(^- ^ Co \nf (a ||/||^.(^) ^ \V\^^' dxf'^' + \K ||/||^.(^) + 4 \n\ isi)^ . 
Setting 

x{V)= I \vf^'''' dx)^P-^^IQ^\ a = Co|fir(Ai^||/||^.(^)+4|/x|($7)), h = CoM' \\\f\\^r^^y 

J f2 
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we find x(U) ^ a + bx{V)^/^-^\ Since Q>p-1, then x{U) < x{V) as soon as a^Q-P+^)/(p-^)b ^ 
C{p,Q), which is assumed in (6.5) and xiV) = y{o-->biViQ) smah enough. Using the Schauder 
Theorem in the set of functions V G Wq'^{VL) such that x(y) ^ y and = there exists 

a solution Un G WQ^'^(r2) of (6.6) such that \Un\^^ dx is bounded. We conclude as before. ■ 

Remark 6.3 In case Q = p — 1, condition (6.3) is sharp, from Theorem 1.2. The proof given above 
for Q > p — 1 still works for Q = p — 1, but condition (6.5) obtained in that case is not sharp. 

We end this paragraph by an non existence result. 

Proposition 6.4 Let Hs G Aif{ft) be any singular measure. 

(i) For any X > Ai(/), or X = Ai(/) and f G L^^^{0,),p < N, there is no solution v of 

-ApV = Xf{l + v)P-'^ +fis inn, v = on dn. (6.10) 

(ii) Let g be defined on [0, oo) and lim ^^^q(r)/r > 0. If X > Xr, there is no solution v of 

-Apv = A/(l + giv)f~^ + Us inn, v = on dn. 

Proof. It follows from Lemma 2.17: if there exists a solution with a measure, there exists a 
solution without measure. In case (i) it follows also from Theorems 4.1 and 1.1: problem (1.4) has 
no solution, thus the same happens for problem (6.10). ■ 



7 Applications to problem (PUA) 

From the existence results obtained for problem (PVA), we deduce existence results for problem 
(PUA) by using Theorem 1.1. Starting from a function /? satisfying (1.1), we associate to /3 the 
function g defined by the change of unknown, namely by (3.1). We recall that if (3 is defined on 
[0, oc) . then also is g; conversely if g is defined on [0, oo) , then L < oo if and only if 1/(1 + g(v)) G 
L^ ((0, oo)) , from Remark 3.1. In some results we assume that g satisfies (1.3): 



p-1 



for some Q > or equivalently 



lim^ — >oo n — < °o 



limt — >L .T,o/^\ < ('''■1) 



■^Q{t) 

In the case /? constant Theorem 1.2 follows: 

Proof of Theorem 1.2. Any renormalized solution u of (1.4) satisfies (p — 1) jVul*' G L^{n), 
thus u G W^'^in).. If A < Ai(/), there exists a unique solution vq G WQ'^{n,) of (4.4) fromTheorem 
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4.1. Then from Theorem 1.1, uq = H{vo) is a solution of (1.4) such that vq = '^{uq) = e"° — 1 G 
WQ^{n). Reciprocally, if n is a solution of (1.4), such that v = '^{u) G Wq'^{CI), then from Theorem 
1.1, V is a reachable solution of 

-ApV = Xf{l + v)P-^ + ^i 

for some measure jj, G M.'^ (O.) . Since v G Wq'^{Q,), then /j, G Mo{0.). Then from existence and 
uniqueness of the solutions of (2.2) when fj, G Mo{0.), v is also a renormalized solution; as in the 
proof of Theorem 1.1 (case p = 2 or AT), it follows that n G M+ (U) , thus n = 0, and v = wq, 
then u = Uq. If / G L^^^{VL), then vq G L^{^)) for any k > 1, and also uq, since uq ^ fo- If 
f € L"^ (ri) ,r > A''/p, then uo,vq G L°°(Q); and for any /j.^ G M+ (0) there exists a solution i^^ of 
(1.17) from Theorem 1.6, thus a corresponding solution Ug G Wq'^{Q) of (1.4). The nonexistence 
follows from Proposition 6.4. ■ 

Our next result follows from Corollary 5.9, Theorem 1.6 and Propositions 5.10, 5.12: 

Corollary 7.1 Assume that (3 satisfies (1-1) with L = oo. 
(i) Suppose that g sa,tisfi,es (1.3) with Q = p — 1. 

If Mp-i\ < Ai(/), there exists at least a solution u G Wq'^{Q) to problem (PUX). If moreover 
f G L^/P{n),p < N, then u G L''{n) for any k > \. If f e U {Q) ,r > N/p, then u G -L°°(J^); and 
there exists an infinity of less regular solutions Ug G of (PUX). 

(a) Suppose (1.3) with Q < p — 1, and f G L'^{Q) with r G (1, N/p) .such that Qr' < Qi. 

Then for any A > there exists a renormalized solution u of (PVX) such that v = ^{u) satisfies 
v'^ G L^{^) ford = Nr{p-l-Q)/{N-pr). If (Q + l)r' ^ p* , thenuG Wo'^(f^). If (Q + l)r' > p*, 
then \Vuf G L^(0) for 9 = Nr{p — 1 — Q)/{N — (Q + l)r). There exists also an infinity of less 
regular solutions Ug of (PUX). 

(Hi) Suppose (1.3) with p — 1 < Q < Qi, and f G L^(J7) with Qr' < Qi. 

Then for A > small enough, there exists a solution u G VFQ^'^(il) fl L°°{Cl) of (PUX), and an 
infinity of less regular solutions. 

Prom Proposition 5.1 and Theorem 5.8 we deduce the following: 

Corollary 7.2 (i) Assume (1.1), and f G (Jl) ,r > N/p. Then for A > small enough, there 
exists a minimal solution G Wq'^{Q,) fl L°° (ft) of (PUX), with ||MaIIl°°(Q) < 

(a) Suppose moreover that limf _^jJ3(t) > and tp{t) is nondecreasing near L, and / ^ 0, . Then 
there exists A* > such that 

if X G (0, A*) there exists a minimal solution ^ WQ'^{Q)r\L°° (fi) of (PUX), with \\ux\\loo(^^-^ < 

L; 

if X > X* there exists no renormalized solution. 

From Theorems and 1.4, and 1.5 and Remark 3.2, we obtain the following: 
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Corollary 7.3 Assume (1-1) and f E L'^ (Jl) ,r > N/p, / ^ 0. Suppose that (3 is nondecreasing 
near L and limt_^L P{t) = oo, and e^W/^P-^) {n) . 

(i) Then u* = sup^yx* U.x ^-^ ^ solution of (PUX*), and u* G Wq'^(O). // one of the conditions 
(i) (a) (Hi) of Theorem 1.4 holds, then ||'u*||^oo(q) < L. 

(a) Suppose moreover that(1.3) holds with Q < Q* , and f E L^{Q) with {Q + l)r' < p*. Then 
for small A > there exists at least two solutions of (PUX) such that WuWloo^q-j < L. It is true for 
any A < A* when p = 2 and (3 is nondecreasing. 

7.1 Reiiicirks on growth cissumptions 

Condition (7.1) is not easy to verify. It is implied by 

from the L'Hospital rule. If moreover j3 is nondecreasing, the two conditions are equivalent. 

Remark 7.4 If P = j3i + P2, where (5i G ((0,L)) and A2 = 00 and (52 satisfies (7.1), then f3 
satisfies (7.1). Indeed setting v = vi = '^i{u) and V2 = '^2iu), one finds V2^v and 

1 + ^ e7(i)/(p-l)i±M^ ^ ^7(L)/(p-l) l+g2(^2) _ 

v'i yi V2 

In particular (7.1) is satisfied with Q = p — 1 by any j3 of this form, such that P2 is bounded. 

Next we give a simple condition on /3 ensuring (7.1): 

Lemma 7.5 Let Q > 0. Assume that (5 G C^([0,L)), and L = 00 or only e'^^^)/^^'-^) ((0,^)) , 
and 

IiE,_^^(i)^l-^. (7.3) 

Then (7.1) holds. 

Proof. The conditions imply A = 00 and 



,^{t) = limt_i^(*(i)) = lim,_oo^( 
P 9 9 



then (7.3) implies that ^^^^ is concave near 00, thus at most linear. 
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Remark 7.6 As observed in [2], many "elementary" nondecreasing functions f3 on [0, oo) satisfy 
condition (7.1) for any Q > p — 1. In the examples of Section 3, we have seen that for f3{u) = u"^, 
m > 0, g{v) = 0{v{lnv)"^^^"^^^^) near oo. For [3{u) = e", g{v) = 0{v\nv) near oo. For P{u) = 
ge"+u _^ gu g^y-^ _ 0{v\nvln{lnv)). In those cases, limt ,^{(5' / I3'^){t) = 0. 

An open question raised in [2] and also [23] was to know if any nondecreasing (3 defined on 
[0, oo) satisfies (7.1) for some Q > p—1. Here we show that condition (7.1) is not always satisfied, 
even with large Q, even when r*^ is replaced by an exponential: 

Lemma 7.7 Consider any function F € ^^'^([O, oo)) strictly convex, with Vvais >oo = oo. Then 

there exists a function (3 £ C'^([0, oo) , increasing with /3(0) ^ 0, limf »oo/3(^) = oo such that the 

corresponding function g given by (1.8) satisfies 

IiE,_oo||^ = oo. (7.4) 

Proof. From Remark 3.1 there is a one-to-one mapping between such a function and a function 

g G C"'^([0, oo)), convex, such that lim^ >oo5'(s)/-5 = oo, and 

l/(l + 5(s))^Li((0,oo)). 

Thus it is sufficient to show the existence of such a function g satisfying (7.4). We first construct 
a function g which is only continuous. Let be the curve defined by F. Set g{s) = for s G [0, 1] . 
There exists mi > 1 such that the line of slope mi issued from (1,0) cuts J- at two points s'^ < ,s'/. 
Then we define g{s) = mi(s — 1) for any s G [1, si] , where si > s'/ is chosen such that si — 1 ^ 
(1 -I- £?(l))e"^i , that means si ^ 1 e'"! . Then 

J\s/il+g{s)^l, 

and the point {si,g{si)) is under J^. By induction for any n ^ 1, we consider m„ > 2m„_i such 
that the line of slope m„ issued from (s„_i, g(s„_i)) cuts the curve J-'n defined by nF at two points 
< .s''. We define g{s) = g{sn-i) + m„(,s — Sn-i) for any s G [sji_i,s„] , where s„ > s'|^ is chosed 
such that Sn — Sn-i = (1 + 5(sn-i))e"^" and Sn ^ 2s„_i.Then 



/ ds/{l + g{s)^l. 

J S„_1 



The function g satisfies 1/(1 + (7(5)) ^ ((0, 00)) , and g ^ nF on [s^, sj^] , and > s„ > 1, thus 

(7.4) holds; and gi^Sn) ^ rnn{sn — Sn-i) ^ mnSnf^, then lim^ >oo 9{s)/s = 00. Then we regularize 

g near the points s„ in order to get a convex function. ■ 
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7.2 Extensions 

1) In the correlation Theorem 1.1, we can assume that / depends also on « or v. If -u is a solution 
of a problem of the form 

-Apu = l3(u) + Xf{x, u), 
where f{x,u) G L^{^), f{x,u) ^ 0, then formally v is & solution of 

-Apv = \f{x,H{v))il + giv)r-\ 

Conversely, if t; is a solution of a problem of the form 

-ApV = Xf{x,v){l + g{v)r-\ 

then formally u is a solution of 

-ApU = /3{u) \S/u\P + Xf{x, ^{u)). 
This extends strongly the domain of applications of our result. 

Remark 7.8 This argument was an essential point in the Proof of Theorem 1.3: we used the fact 
that, for any g satisfying (1-2) with A = oo, and any v € W(r2), such that —ApV = F ^ 0, then 
u = H{v) G W and is a solution of equation —ApU = I3{u) \ Vuy + Fe^^^'^\ 

Let us give a simple example of application: 

Corollary 7.9 Let u € ([0, oo)) be nonnegative and nondecreasing, and f ^ U' (O) ,r > N/p. 
Consider the problem 

-ApU = {p-l)\Vuf + Xf{x){l + uj{u)y-^, « = ond^l. 

(i) Then for small A > 0, there exists a solution in Wq'^{VI) H L°° (J7) . 

(ii) Assume that limsup^ ^^u{tY~^ / e^* < oo for some k > 0. 

If r'{k + 1) < N/{N — p) then for any small A > 0, there exists an infinity of solutions in 

If r'{k/p' + 1) < N/{N — p) and to is convex, there exists two solutions in Wq'^{^) n L°° (Q) . 

Proof. Setting f = e" — 1, then v satisfies the equation —ApV = Xf{x){l + g(v)y'^ in J7, where 
1 + = {I + v){l + 6<j(ln(l + v))). And g satisfies (1.3) with Q = {p — l){k + 1), and is convex 
when ui is convex. The results follows from Proposition 5.1, Theorems 1.1, 1.6 and 1.5. ■ 
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Remark 7.10 In particular for any b > 0, for any f E {ft) , r > N/p, and small A > 0, problem 

-ApU=\Vuf + \f{x){l + uf inn, u = on dQ, 
has an infinity of solutions in WQ^'^(ri), one of them in L°° (fi) , two of them if b ^ p — 1. 

2) Theorem 1.1 also covers and precises the recent multiphcity result of [1, Theorem 3.1], relative 
to radial solutions of problems with other powers of the gradient: 

Corollary 7.11 Let $7 = B{0, 1). Consider the problem 

-A^'u; = c|Vu;|* + A/ in w = on dU, (7.5) 

with m > 1 and {m — 1)N/ (N — 1), where f is radial and f E L'^ (fi) , r > N{q — m + l)/q, and 
c > 0. Then there exists A > such that for any A < A, problem (7.5) in admits an infinity 

of radial solutions, and one of them in (fi) . 

Proof. In the radial case, problem (7.5) only involves the derivative w' : 

l-N / N-1 I /\m-2 /s/ \ /\1 , \ f (n a\ 

—r (r l-u; I w) =c\w \ -\-Af (7.6) 

hence the change of functions w' = A \ u'\^^'^~^ u' with p = q/(q — m + I) and A = (c/{p — 1)"^'/'?. 
reduces formally to 

_^i-N^^N-i |^/|P-2^'y = 1) |u'|^ + p/, (7.7) 

where p = {c/{p — 1))^~^A. By hypothesis, I < p ^ N, and f E (O) ,r > N/p. From Theorem 
1.2, for any p < Xi{f) defined at (1.16), and for any measure ps E Mf{B{0,l)) there exists a 
renormalized nonnegative solution Vs of problem 

-ApVs = pf{l + Vsf'^ + Ps in n, Vs = on d^; (7.8) 

thus there exists an infinity of nonnegative solutions Ug = ln(l + Vg) G WQ^'^(r2) of 

—ApUs = {p — 1) iVusI^ + pf in Q. 

Take ps^a = aSo, with a > 0. Then (7.8) has at least a radial solution Vg^a, obtained as in Theorem 
6.2 by the Schauder theorem for radial functions. Then u = Ug^a is radial, and r u{r) satisfies (7.7) 
in P'((0, 1)), hence u G ((0, 1]) and u'{r) < 0. Then w{r) = -Af^ \u'f^'^'^u'ds G ((0, 1]) , 
w{r) ^ and w satisfies (7.8) in I?'((0, 1)) with A = {{p — l)/cY~^p. Moreover x ^ w'{\x\) G 
L« (fi\ {0}) , and {0} has a p-capacity since p^N, thus w G Wq'^ (O) , hence \Vw\^~'^ G U'\n). 
Let if G V{Q) and ipn G V{{Q\ {0}) converging to if in wl'^{VL). Then 

/ \Vw\'^-'^Vw.V^ndx = A"'-^ j \Vuf-'^Vu.V^ndx 
Jn Jn 

= A^~^ I {{p-\)\yu\^ + pf)^ndx= [ {clVwl" + pf)^ndx- 
Jn Jn 
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going to the limit, we find that is a solution of (7.5) in T>'{Q,). Then there exists an infinity of 
radial solutions of (7.5) for any A < A = {{p — l)/c)^~^Ai(/). And taking fis,a = 0, the problem in u 
admits a bounded radial solution uq G ([0, 1]), thus (7.5) admits a radial solution wq G (Jl) . 
■ 

Remark 7.12 Moreover, since Vg is radial, from the assumptions on /, we know the precise be- 
haviour near of the singular solutions: 

If q > (m — 1)N/(N — 1), in otherwords p < N, then v(r) = CN,par^^'~^^/^~^\l + o(l)) near 0, 
withcN,p = (p-l)(n-i?)-i \Sn-i\'^^^~^^ ; andv'{r) = CNa{p- N){p-l)-'^r^^-^^(P-^\l + o{l)). 
Andu' = v'/{l + v), thus \u'f^'^''^ u' = -{{N - p)/{p - l)r)-P/i{l + o{l)). If q > m, that means if 
q > p, then w is bounded, the singularity appears at the level of the gradient. If q < m, then w{r) = 
Cr-(m-9)/(9-m+i)(i+o(l)), withC = C{N,m,q,c). Ifq = m-1, thenw{r) = C(- lnr)-i(l + o(l)). 

Ifq = {m—l)N/{N—l), thenp = N, andlimr^o{— lnr)~"^f (r) = cato with cm = |5Ar_i|~"^^*-''^~^^ , 
lim^^o™'(r) = -CNa, \u'\^'^~'^u' = -(r(-lnr))-(^-^)/("^-^)(l + o(l)). If N < m, then w is 
bounded; if N > m, then w = C(- lnr)-(^-i)/("^-i)r-(^-"^)/("^-i)(l + o(l)), with C = C{N,m,c). 
ifN = m, then w = C(ln(- lnr)(l + o(l)). 

8 Appendix 

Proof of Lemma 2.12. The relation is known for V € Wq'^{Q), sec for example [3]. Let 
F = -ApV, and Fn = min(F,n) € L'^ifl), and K = Q{Fn). Then ^ F in L'^{n). And 
(Vn) is nondecreasing; from Remark 2.11, (V^) converges a.e. to a renormalized solution w of 
—ApV = —ApV; from uniqueness, w = V; and 

/ \VU\Pdx^ [ UPV^-Pi-ApVn)dx. 
Ja Jn 

Prom the Fatou Lemma UW^-P{-ApV) € L^i^), and (2.11) holds. ■ 

Proof of Lemma 2.13. We have m € (1, N/p) for p < N, and m = 1 iov p = N. 

• First suppose 1 < m < N/p, thus p < N. Let e > and A; > 0. We use the test function 
<P(3,e{TkiU)), where (I)i3,siw) = /(^"(e + |i|)"^(it, for given real (3 < l.We get 

i (IWHP^^ s (1 - ffl- X 1^1 + 1^.(^)1)'-'^ (8.1) 

Setting r] = {p — l)mN/ {N — m) and then rj* = {p — l)Nm/ {N — pm), we take 

77* Np{m -m) ^ P V* 

^ = ^ 7 = =7^^7 \' " = ^ = ~' 

m m{DJ — pm) p p 
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then /?, a G (0, 1) for m < m, and /? ^ ^ a - 1 for m ^ m. The function Uk,e = ((e + - 
£°)sign(C/) belongs to Wq'^{0,), and from (8.1) we get 

^ C ( / + (8-2) 

where C > 0. From the Sobolev injection of Wq'^{VI) into LP* {p) we find, with other constants 
C > 0, depending on Q, 

(/(£« + pkAf dxf/P* ^ C{e'^P + ( f WkA"* dxf/P* 
Jci Jn 

£ C{e-P + ij^ie^ + \Uk,e\fdx)^, 

and < pm', because m < N/p; thus from the Young inequality 

1^ mU)f dx ^ J^is'^ + \Uk,e\rdx ^ C{e^* + ||F||^/i^/f;-^/"^')). (8.3) 
And l/ip/p* - l/m') = r]* /{p- 1), thus 

j^\Tmfdx^C\\F\\tif-;\ 
and from the Fatou Lemma, (iii) follows: 



/ 



{N-pm)/Nm 

^^ip-l)Nm/{N-pm) SC\\F\\^rr.(n)- (8.4) 



n ' ^ ' 



• Assume moreover that m < m. Using (8.2), (8.3) and going to the limit as A; — > oo, we find 

f _\YEf_rlT < r(\\F\\ ^vVrn' , np^nV*p/p*(j>-l)\ (o ^\ 

We have rj < p, and Prf/{p — rj) =r)*, thus from Holder inequality. 

Using (8.5) and (8.4), and going at the limit as e — > 0, (iv) follows for m < rn : 

(P \ {N-m)/Nm 

y^|Vt/|(P-^)^"*/(^-"*)dxj ^Ci|F||^„(j,) (8.6) 
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• Assume m^fn,p<N. Then L"*(fi) C W~^'P'{Q), thus, from uniqueness, U G Wq'^{0,) and it is a 
variational solution. More precisely, U^{Q) C W~^'^"^/^^~'^\Q). If m = rn, then Nm/{N — m) = 
p', and (8.6) follows. If m > m, then from [46], [47], U G W'^^^{9) with i = {p-l)Nm/{N -m), and 
(8.6) still holds, and (iii) follows for m ^m; and (i) and (ii) from the Sobolev injection. Another 
proof in case m > N/p is given in [56]. 

• Assume rn > 1 and p = AT. then again U^{^) C VF-i.'^W(^-"i)(J^), hence (8.6) stih holds, and 
then G L°°(J7). ■ 

Proof of Proposition 2.14. li p = N, then U G L^ip) for any cr ^ 1 from Remark 2.3, 
then /(x) \U\'^ G L™(Q) for any m G (l,r) , then U G Wq' (f^) n L°°{9.) from Lemma 2.13, and 
\VUf~^ G L^(f^) for r = Nm/{N - m). 

Next suppose p < N. First assume that Qr' < Qi- Let A; G (0,1) such that 1/r' > k + 
Q{N - p)/N{p - 1). Then f{x) \uf G L™o(rj) with mo = 1/(1 - /c) > 1. Taking k small enough, 
one finds mo < A/p, thus /i(x) G L™"(ri), then from Lemma 2.13, |C/|*^ G L^(0) with si = 
{p - l)Nmo/{N -pmo). Then f{x) \U\^ G L"^i(Q), where 

1 1 _ Q 1^ 1 P\ 
mi r p — 1 V"^o A y 

And 1/mi — 1/mo < (Q — p + — mo)/m,o{p — 1) < 0, hence mi > mo. For any n G N such that 
f{x) \U\'^ G L™'"(Q) and m„ < A/p, we can define m^+i by 

1 _ 1 ^ _Q_ _ P\ 

m„+i r p - 1 Vm„ N ) ' 

and m„ < m„+i. If m„ < A/p for any n, it has a limit m, then m = {Q/{p— 1) — 1)/ {Qp' /N — 1/r) . 
When Q ^ p — 1, then m < 1, which is impossible. Then after a finite number n of steps we arrive 
to nin > N/p , thus (i) follows from Lemma 2.13. 

Next assume Q > p — 1 and Qr' = Qi, thus j3 < A, and |C/|^~"'^ G L°'(ri) for some a > N/{N —p). 
Settings = {\+e)N/{N-p) withe" > 0, and mo = {l+er)/{l+e) > 1, there holds (5r/(r-mo) = a, 
and from Holder inequality: 

/ {f\U\T°dxS / fdx) / \Ur/^'-"'°Ux] 

thus we still have fix) \IJ\^ G L"*o(J^) and 1/mi - 1/mo = (Q - P + 1)(1 - mo)/mo(p - 1) < 0, 
thus (ii) follows as above. 

And (iii) follows from [40, Propositions 1.2 and 1.3]. Indeed the equation can be written under 
the form 

-Apt/ = K{x)(\ + |[/|^-'), 
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where \K{x)\ ^ f{x){l + |C/|^~^+^); if (Q + l)r' ^ then i^(ar) G L'{n) for some s ^ N/p, then 
[/ G L°°(J7) if the inequahty is strict, and U G L^{Cl) for any A; ^ 1 in case of equahty. 

Next assume Q < p — 1. Then \h{x)\ ^ f{x){\U\'^~^ + 2), hence (iv) holds from above. If 
r = N/p, then again Qr' < Qi, and wc find m = N/p. Then h{x) G L^{0,) for any s < N/p, hence 
U G VFQ^'^(r2) and (v) holds from Lemma 2.13. If r < N/p then m < N/p. Thus from Lemma 2.13 

G Li(J^)foranyA: < {p-l)Nm/ {N -pm) = ^.If (Q+l)r' < Qi, then m > m, thus C/ G Wl'^{n). 
If (Q + ly ^ Qi, then m ^ m, thus |V?7|^"^ G L^(J^) for any r < Nm/{N - m) = e.Then (vi) 
follows. ■ 

Proof of Lemma 2.16. In [10, Proposition 2.1], we have given the estimates (2.13) for the 
superharmonic continuous functions in R^. In fact they adapt to any local rcnormalized solution 
of the equation in Q,. Indeed such a solution satisfies C/^^^ G L^^(ri) for any a G (0, N/{N — p)) . 
Let xq e Q and p > such that B{xo,4p) C fl. Let (fp = with A > large enough, and 
ip{x) = C{\x — xq\ / p), where Cp £ Vi/R) with values in [0, 1] , such that ^(t) = 1 for |t| < 1,0 for 
\t\ > 2. Let a G ll,N/{N -p)) and a G (1 -p,0) . We set Ue = U + e, for any e > 0. Let A; > e. 
Then we can take 

as a test function, where A > large enough will be fixed after. Hence 

/ FTkiU,n^dx + \a\ [ Tk{U,r-'^^\V{n{U)fdx 
Jci Jn 

<X [ Tk{Uer^^-'\V{TkiU)r'V{TkiU)V^pdx 
Jn 

<^ / Tkiu.r-'epi'^murdx+cia) [ n{u,r+p-'ep-''mpfdx. 

^ Jn Jn 

Hence 

/ Fn{U,r^pdx+^-^ [ Tk{U,r-'ep\^{Tk{UWdx<C{a) [ rfe(C/,)"+f-^ep"^ ivepl^ dx. 
Jn ^ Jn Jn 



Then we make e tend to and k to oo. Setting = (p — l)a/ (p — 1 + a) > 1, we obtain 

/ supp V( 

with a new constant C depending of a from the Holder inequality. Taking A large enough. 



/ FU^e^dx + ^ / U^-'C^ \VU\^ dx<c( [ U^P'^^'^e^dx) ( [ ^p-"'' \y£,pf dx 
Jn ^ Jn \Jsupp vc / \Jn 



[ FU^^'p + M / c/«-i^A < c^iv/e'-p f u^P-^^^e^dx 

Jn ^ Jn yJsupp v^p J 
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Next we take ^ = as a test function. We get 
Jn Jn 



i/p' / r \ Vp 



Since £ > p — 1, we can fix an a G (1 — 0) such that t = a/{l — a) > \. Then as e ^ 0, 

l/9p'+l/rp 



j F^^dx <cl f U^-^^^i^pdx 
J n \J supp v^p 

X {^j^ e,-''' m/' dxj (1^ er'' dx 

But l/Op' + 1/tp = a = 1- {l/e'p' + 1/t'p), hence 
/ Fe^dx <c( f 

Jfl \Js\ 



/supp V^p 



and (2.13) follows. Otherwise, if C/ e ^jof (^)) from the weak Harnack inequality, there exists a 
constant C = C'{a,N,p) such that 



JB(xn,2p) / 



l/(p-l)<T 

Jb{xo,2p) 

hence (2.14) holds by fixing a. ■ 

Proof of Lemma 2.17. Let h{x,t) = /i(a;, max(0, min(t, tt(x))). Then ^ h{x,t) ^ -F(a;) a.e. 
in Prom the Schauder theorem for any n G N there exists Vn G Wq'P{^) fl L°°{D,) such that 

-ApVn = Tn{h{x, Vn)) in Q. 
From Remark 2.11, up to a subsequence, Vn converges a.e. to a renormalized solution V of equation 

-ApV = h{x, V) in n, 

and V ^ from the Maximum Principle. It remains to show that V ^ U. For fixed m > 0, and 

n G N the function cu = T^((F„ - U)+) = r„((F„ - Tiiv„\\^^^n^U)+) G W^'^in); and a;+ = a;- = 0, 
thus from [25, Definition 2.13] 

[ \VU\P~'^VU.Vujdx= I ujh{x,U)dx+ / - / w^d/x^ = [ u!h{x,U)dx 

Jn Jq Jn Jn Jn 
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Otherwise, uj is also admissible in the equation relative to Vn : 

/ |VF„r'VF„.Va;dx= / r„(/i(a;, K))a;o?a;; 
Jn Jn 

then 

/ (iVF^r' - |VC/r' VC/) .V {TmiiVn - U)+)) dx 

= / {Tn{h{x,Vn)-h{x,U))Tm{{Vn-U) + )dx^ [ {h{x,U) - Tn{h{x,U))Tm{{Vn - U) + )dx. 

Jn Jn 

Prom the Fatou Lemma and Lebesgue Theorem, going to the limit as n — > oo for fixed m, since 
the truncations converge strongly in Wq'^{Q), we deduce 

J (\vvf-^ wv - \vuf-^ Vfy) .V {Tm{{V - [/)+)) dx s 0. 

Then Tm{{V - U)+ = for any m > 0, thus V a.e. in n. m 
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